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Abstract: The prime concern of this paper is to derive bound for the moduli of
the zeros of a transcendental entire function. A few examples are given here to
validate the results obtained.
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1. Introduction, Definitions and Notations

Fundamental theorem of algebra only gives information about the number of
zeros of a polynomial but not location of the zeros. All zeros of a quadratic poly-
nomial can be derived algebraically for all possible values of its coefficients. But,
difficulty arises when degree of polynomial increases. So, it is desirable to know a
region where the zeros of a polynomial lie.

Problem of finding a region containing all the zeros of a polynomial has a rich
old history {cf.[7]}. In 1829, Cauchy {cf.[7]} develop the following classical result:
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Theorem A. Let P(z) = Z?:o a;z2" be a polynomial of degree n, then all the zeros
of P(z) lie in |z| < 1 where 1 is the unique positive root of the equation

|| 2" = (|an_1]2""" + ... + |ag]) = 0.

So many improvements and generalizations of Theorem A for polynomials exist
in the literature {[2], [3] & [4]}. We think that there is no such results for transcen-
dental entire functions. The main aim of this paper is to develop some Cauchy’s
type bounds for the moduli of zeros of transcendental entire functions. We do not
explain the standard theories, notations and definitions of entire functions as those
are available in [6] & [9)].

Some well known definitions are given below.

Definition 1. [6] The order p of an entire function f(z) is defined as
p=inf{k>0:Mr)<e ,r>ry}

where M (r, f) == My(r) = max, =, | f(2)].
Definition 1 can be alternatively stated as:

Definition 2. [6] The order p of an entire function f(z) is defined as

. log® M(r, f)
p = limsup ————=
r—00 logr

where exp™ z = logl™ z = exp(explF~z) = log(log™* Y z) for k= 41,42, +3,
.. and exp” x = 1logl z = z.

For p = oo, Satto [8] defined the concept of ’index’ of an entire function as
follows:

Definition 3. [8] An entire function f(z) is said to be of index q if

logld pr
p(q) = lim sup o8 BALT) (r.f)
r—00 log r

with p(qg — 1) = oo and p(q) < oo.

p(q) is called the rate of growth of f(z) of index q.

Juneja, Kapoor and Bajpai [5] introduced (p, q)th order of a non constant entire
function as:

, log® M(r, f
p(p; q) = limsup ——=—=—= ]( )
r—00 log g r
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where p & q are integers with p > q > 0.
Clearly, p(q) = p(g,1).

2. Lemmas
Here, we state some lemmas which are essential for the presentation of the work.

Lemma 2.1. [1] If g(z) is analytic in | z |<r and | g(z) |< K for |z |=r, then

Konl
g™ 0) < =2 n=01,2,...
T‘»TL

Lemma 2.1 is known as Cauchy’s inequality.

Lemma 2.2. [1] If f1(z) and f1(z) are analytic within and on a simple closed curve
I' with |f2(2)] <|fi(2)| on T, then fi(z) + fa(2) and fi(z) have the same number
of zeros inside T'.

Lemma 2.2 is called Rouche’s theorem.

Lemma 2.3. Let f(z) = Z;io a;z’ be a transcendental entire function of finite
order p. Then for a positive integer N, > p,

lan] < (€)™ for n > N,
Proof. For all sufficiently large values of r, it follows from Definition 1 that
M(r, f) < e’

Hence for all sufficiently large values of r, we get by Lemma 2.1 that

eer
’CLn|< 7n:0,1,2,....
rn
TNp TNP
Let h(’l“) = ern . Then’ h/(T) _ %(Nper B n)

Now, 1/(r) = 0 if and only if (N,r» —n) = 0.

Let r; be the unique positive root of this equation. Then, we have ry > 1ifn > N,,.

Ne 1

Clearly, h(r) is minimum at r = 7 and minh(r) = S < (e™)™
>0 E

Hence,
lan] < (€)™ for n > N,
This completes the proof of the lemma.
Lemma 2.4. Let f(2) =3 72, a;z’ be a transcendental entire function of the rate

of growth p(q) of index q(> 3). Then for a positive integer Ny > p(q),

1
|an| < (@)™ for n > Ny Ejg—2(1)
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where Epn(x) = [Tt expl z.
Proof. From Definition 3, we obtain for all sufficiently large values of r that

M(r, f) < expli=t Mo,
Therefore in view of Lemma 2.1, it follows for all sufficiently large values of r that

exp [a—1] er(Q)

lan| < n=01,2, ...
rn
— N

Let h(r) = 22t 2@
Then,

lg=1] y-Np(q)

(1) = S N o0 explt= oo ). (exple ) Vo). (expr) — n}
zr/n,
la—1] -Np(q)
expld— 1o
- il Np(q)E[q—ﬂ(TN”(Q)) - n} :

Now, h/(r) = 0 gives
No@) Elg—2) (r®) —n = 0.

Let t; be the unique positive root of this equation. If n > N, Ejg—2(1), we get
that £, > 1.

Hence,
[q—2] Np(q) . n n
exp " = <

No@)y — ’
Np(q)E[q%ﬂ] (tl “) Np(q)

Clearly, h(r) attains its minimum value at r = ¢;.

Now,
lq—1] 4No(@)
e t
min h(r) = P —!
r>0 tl
exp( [—2] th(q>
_exp(exp? ;")
= "
1
< (eNP(Q> )n
Hence,

|an| < (e™r@ )" for n > Ny(q) Ejg—2(1).

Thus the lemma is proved.
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3. Theorems
The main results of this paper are being presented here.

Theorem 3.1. Let f(z) = Z?io a;z! be a transcendental entire function of finite
order p with f(0) = ag # 0. Also, let N, > p be the least positive integer such that
Np—1

an,—1 # 0 and |ay,—1| < e No~ . Then no zeros of f(z) lie in

) 1
|2| < min {tg, —1}
N

1
where tq is the least positive oot of the equation |ag| — (|ai| + €™ |ag|)t — (Jas| —
1 1 1
e lay|)t? — ... = (|an,—1| — €™ |an,—2| )tV —(e — €™ an, 1)t = 0.
Proof. For the least positive integer N, > p, it follows by Lemma 2.3 that

1f(2)] =lag + a1z + ... + an, 1271 + a; 2’|
P
j=N,

o0
>|ao| — (|larz + ... + GN,,—1ZN”_1 + Z a;2’|)

Jj=N,
o0
>lao|—la1]|z] — ...—|an, ||| — Z |aj||z|’
j:Np
> 1 . .
>|ao|—|a1||z| — ...—|an, 1]z = Z (eMe)|z).
j:Np
Now,
> S . > 1 . Np 1
S (Pl = 3 (edfaly = — T g o L
i=N, j=N, 1—e™|z| eNe
Hence for N, > p and |z| < -4, we get that
eNP
N,
_ elz|"'r
()] laol—lanl 2] — -~y ] oot — —L2L
1—eM|z|
1 1 9 1
lag| — (|a1] + e |aol)[2] — (laz| — eNela1])|z]* — ... = (lan, 1| — >

1
|an,—2)]2[" 7t — (e — e |an,—1])|2|"

1
1—eMr|z|



114 South FEast Asian J. of Mathematics and Mathematical Sciences

Let to be the least positive root of the equation
1 1
9(t) =lao| = (|as| + €™ ao )t — (|as] — ¥ a )12 — .. = (lax, 1| — ¥ |an, o))
1
(e — e™elan,—1] )t = 0.
Then g(t) > 0 if ¢ < ¢y, otherwise there will be another positive root.
Consequently, | f(z)] > 0 if |z| < min {to, %}
elNe

This proves the theorem.

th—l _

Remark 3.1. The following example justifies the validity of Theorem 3.1.

Example 3.1. Let f(z) = e + Tsinz+ 1.
Then, the Taylor’s series expansion of f(z) is

3

f( )—2+2+Z _ﬁ+

Here, p =2, ap = 2, Cl,l:%&a,gzl.
Now, taking N, = 3, the equation of Theorem 3.1 reduces to

2—(%+2e§>t—(1—%e§)t2—(e— %>t3—0

and the least positive root ty ~ 0.52.
Hence by Theorem 3.1, no zeros of f(z) lie in

|z| < 0.52.

Remark 3.2. Tuking f1(z) = e* +1, fo(z) = $sinz and using Lemma 2.2, it can
be easily verified that e* + +sinz + 1 does not vanishes in |z| < 0.52 as fi(z) =0
for 22 =(2n+ 1)mi, n=0, +£1, +2....

Theorem 3.2. Let f(z) = Z]oio a;z! be a transcendental entire function of the
rate of growth p(q) of index q(> 3) with ag # 0. Also, let Ny < Ny Epq—2(1) be
the greatest positive integer for the positive integer Nyq) > p(q) such that ay, #

0 with |ay,| < eFa-21. Then zeros of f(z) do not lie in

1
eNg

where t; is the least positive root of the equation.

1
Jaol = (laa| + ¢ faol)t — (Jazl — ™ |ar])t2 — .. — (Ja, | — €™ |ay, 1)t —
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1
eto) (eFlo-2 ) —Jay, [tV = 0.
Proof. For the greatest positive integer N, < Np(q)E[q_2](1) with N, > p(q), we
get by Lemma 2.4 that

|f(2)] =lao + a1z + ... + an, 2™ + Z ;2|
J=Ng+1

[ee]
>|ao| — (|arz + ... + an, 2V + Z a;2’])

j=Ng+1
o0
>[ao|—|aa||z] = . =lan,[[z[Y = D layll=’
J=Ng+1
> S
>|ag|—las||z] — .= an, ||z[N = Y (e )i |zp
j=Ng+1
Now, we obtain for |z| < —4— that
e p(q)
Ng+1
= e |z]Netd
Z (eMe@ )|z = %
j:Nq+1 1—6NP(‘1)|Z|
eE[q%](l)‘Fm |2 N1

<

1
1 — e |Z|

Therefore, it follows for |z| < —4— that

eNP(Q)
eE[4*21(1)+%|Z|Nq+1
|f(2)] >laol~lar][z] = ...~ Jan, ||2| ¥ — )
1 — eMNoa) |z
1 1 1
laol = (Jar| + €@ |ag|)|2] — (laz| — e a1 |)|2]* — ... — (Jan, | — e ™ot

1
a1 )21 = €0 (eFla-a) —Jay, )|+

- 1
1 — eMNola |z

Let
1 1 1
h(t) =lao| — (Jar| +e"@ |ag|)t — (lag] —e™r@ |ay )t* — ... = (Jan, | =€ |an, 1)tV —
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eﬁ@)(eE[qfﬂ(l) — Jan, )Nt

Clearly, if ¢ is the least positive root of h(t) = 0, then h(t) > 0 for t < .
Hence |f(2)] > 0 if |z| < min {t{), i}
Thus the theorem is established.

Remark 3.3. The following example ensures the validity of Theorem 3.2.

Example 3.2. Taking f(z) = e“*®*?+sin z—1, we have the Taylor’s series expansion
of f(z) as ' X
€ 2 3, ¢4 5
f(z)—e—1+z—§z — 5% —i—az —l—mz —
Here, p(q) =1 for ¢ = 3 and N, = 5 for N, = 2.
Now, the equation of Theorem 3.2 becomes
— %e%}ﬁ — % {e - e%}t4

e—l—{l%—(e—l)&}t—{%e—e%}tQ—{

1 1,1 1 1
- m—662}t5—€2{66—m}t620
and the least positive root t, ~ 0.46.

Hence by Theorem 3.2, f(z) does not vanish in
|z| < 0.46 .

[

Remark 3.4. If fi(z) = e°®*, fo(2) = sinz + 1, then it is easily verifiable by
Lemma 2.2 that e“** 4+ sin z — 1 does not vanish in |z| < 0.46.

4. Conclusion and Future Prospect

A zero free region about the origin in C has been established in the paper for a
transcendental entire function. To get a region about an arbitrary point having no
zeros for a transcendental entire function, one can use the theorems of this paper
considering Taylor’s series expansion about that point. In the line of the works as
carried out in the paper it may be thought of proving the results in case of entire
functions of several complex variables.
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