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1. Introduction

The notion of probabilistic metric space (briefly, PM-space) had been coined
by Menger [7] in 1942, as a generalization of metric space. Such a probabilistic
generalization of metric spaces appears to be well adapted for the investigation
of physical quantities and physiological thresholds. It is also of fundamental im-
portance in probabilistic functional analysis. A common fixed point theorem is
a statement containing a set of conditions sufficient to ensure the existence of a
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common fixed point of a number of self maps in a metric space. Most of these the-
orems mainly contain a commutativity condition, a condition on the ranges of the
maps, some continuity conditions and a contractive or possibly a Lipschitz type or
a Banach type or a Boyd and Wong type condition. Most of the authors used one
or more of these conditions or their various forms and obtained some remarkable
success thereby enriching the literature on fixed point theory.

The fixed point theory progress in PM-spaces was due to Schweizer and Sklar
[12], Sehgal and Bharucha-Reid [13], Mishra [8], Sharma et al. [15] and Jain et
al. [2] in the fields of compatible maps, semi-compatible maps, weak compatible
maps and occasionally weak compatible maps. Similarly, progress of the fixed point
theory in metric space was due to Jungck and Rhoades [6], Sessa [9] and Jungck
[5]. Bisht and Shahzad [1] introduced the notion of faintly compatible maps and
also established some interesting common fixed point theorems for non-commuting
maps under both contractive and non-contractive conditions.

In the present paper, a fixed point theorem for six self-maps has been proved
using the concept of faintly compatibility and compatibility of type (K) which
generalizes the result of Jain et al. [3].

2. Preliminaries

Definition 2.1. [8] A mapping F : R — R™ is called a distribution if it is non-
decreasing left continuous with inf{F(t)|t € R} =0 and sup{F(t)|t € R} = 1.

We shall denote by L the set of all distribution functions while H will always
denote the specific distribution function defined by

0, t<0
H@Z{ 1, t>0.

Definition 2.2. [8] A mapping t : [0,1] x [0,1] — [0,1] is called a t-norm if it
satisfies the following conditions:

(t-1) t(a,1) =a,t(0,0) = 0;

(t-2) t(a,b) =t(b,a);

(t-3) t(c,d) > t(a,b); forc > a,d >0,

(t-4) t(t(a,b),c) =t(a,t(b,c)) for all a,b,c,d € [0,1].

Definition 2.3. [8] A probabilistic metric space (PM-space) is an ordered pair
(X, F) consisting of a non-empty set X and a function F : X x X — L, where L is
the collection of all distribution functions and the value of F at (u,v) € X x X is
represented by F,,. The function F,, assumed to satisfy the following conditions:
(PM-1) F,.(z) =1, for allx > 0, if and only if u = v;

(PM-2) F,.,(0)=0;
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(PM_S) Fu,v - Fv,u;

(PM-4) IfF,,(x) =1 and F,,(y) =1 then F, (v +y) =1,

for all u,v,w € X and x,y > 0.

Definition 2.4. [8] A Menger space is a triplet (X, F,t) where (X,F) is a PM-
space and t is a t-norm such that the inequality

(PM-5) Fyu(z+y) 2 t{Fu(2), Fouly) ), for allu,v,w € X 2,y > 0.
Definition 2.5. [12] A sequence {x,} in a Menger space (X, F,t) is said to be
convergent and converges to a point x in X if and only if for each e > 0 and A > 0,
there is an integer M (e, \) such that

F, .(e)>1—=X forall n> M(e, \).

Further, the sequence {x,} is said to be Cauchy sequence if for € > 0 and \ > 0,
there is an integer M (e, \) such that

Fyp 2 (e) >1—=X forall m,n> M(e, \).

A Menger PM-space (X, F,t) is said to be complete if every Cauchy sequence in
X converges to a point in X.

A complete metric space can be treated as a complete Menger space in the
following way:

Proposition 2.1. [8] If (X, d) is a metric space then the metric d induces mappings
F: X xX — L, defined by F,,(x) = H(x — d(p, q)),p, q € X, where

H(k)=0, fork <0and H(k) =1, fork > 0.

Further if, t : [0,1] x [0,1] — [0, 1] is defined by t(a,b) = min{a,b}. Then (X, F,t)
is a Menger space. It is complete if (X, d) is complete.
The space (X, F,t) so obtained is called the induced Menger space.

Definition 2.6. [2] Self mappings A and S of a Menger space (X, F,t) are said
to be weak compatible if they commute at their coincidence points, i.e. Axr = Sx
for x € X implies ASx = SAzx.

Definition 2.7. [8] Self mappings A and S of a Menger space (X, F,t) are said
to be compatible if Fasy, saz,(x) = 1 for all x > 0, whenever {x,} is a sequence
in X such that Ax,, Sx, — u for some u in X as n — oo.

Keeping in view of [4], we define the compatible mappings of type (K) in Menger
space as follows :

Definition 2.8. Self mappings S and T of a Menger space (X, F,t) are said to
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be compatible mappings of type (K ) if Fsgy, me(x) — 1 and Frry, si(z) — 1 for all
x >0, whenever {x,} is a sequence in X such that Sx,, Tx, — t for some t in X
as n — oo.

Keeping in view of [1], we define the conditional compatible mappings in Menger
space as follows :

Definition 2.9. Two self-maps A and S of a Menger space (X, F,t) are said
to be conditionally compatible if whenever the set of sequences {x,} satisfying
lim,, oo Az, = limy, o, Sz, is non-empty, there exists a sequence {z,} in X such
that lim,,_,o Az, = lim, .o Sz, = t, for some t € X and Fas,, saz,(x) = 1 as
n — 0o.

Keeping in view of [11], we define the reciprocal continuous mappings in Menger
space as follows :

Definition 2.10. Two self maps A and S of a Menger space (X, F,t) are said
to be reciprocally continuous if Fase, asw) — 1 and Fsag, se(x) = 1 as n — oo,
whenever {x,} is a sequence in X such that lim,,_,, Az, = lim, ., Sz, = z, for
some x € X.

Keeping in view of [1], we define the faintly compatible mappings in Menger space
as follows :

Definition 2.11. Two self maps A and S of a Menger space (X, F,t) are said to
be faintly compatible if (A, S) is conditionally compatible and A and S commute on
a non-empty subset of the set of coincidence points, whenever the set of coincidence
points is non-empty.

Example 2.1. Let (X, d) be a usual metric space where X = [0,4] and (X, F,t)
be the induced Menger space with F, , = d for all t > 0.
LetASbetheselfmapsofXglvenbyAa:—1 ifx < 1,Az = 2, if x > 1.
Sr=2—xifx<1,Sxr=4,ifz>1.

Let x, = 1. Now Az, — 1,Sx, — 1 and ASx, — 1,5Az, — 1 and so
Fuss, saz, () — 1. Therefore, (A,S) is conditionally compatible. Also A1 = S1

and AS1 = SAl. Hence, (A,S) is faintly compatible.

Example 2.2. Let (X, d) be a metric space where X = [0,1] and (X, F,t) be the
induced Menger space with F, ,(t) = 7 for all £ > 0.

t+d(
Define self maps I and L as follows:

—-
—

z,

I(z) =x for all x € X and L(aj):{ )

= O
IA A
8 8
IN A

[ N
~——

—
—
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1

. 1 11 11
Taking z,, = 5 — -, we get Iz, =, =5 — - and Lz, = 5 — -,

1
lim Lz, = =
n—00 2
. 1
fim e = 5
1 1 1
Also lim LLx, = lim L{ - —— | = =,

1 1 1
lm Iz, =1lmI|-——| =—-.

So lim Ilx, = Lx,
n—oo
lim LLz,, = Ix.
n—oo

Therefore, by definition, (I, L) is compatible mapping of type (K).
Now, we give an example of maps which are faintly compatible but not occasionally
weakly compatible.

Example 2.3. Let (X, d) be a metric space where X = R and (X, F,t) be the
induced Menger space with F ,(t) = d(  for all £ > 0.

Define A, S : R — R by Ax = 22 and Sx—?x—x2 for all z € R.

Let x, = 1. Now as n — oo, Az,, — 1, Sz, — 1 and ASz, — 1, SAx,, — 1 and so
Fasz,,54, () = 1.

Therefore, [A, S] is conditionally compatible.

Also A1 = S1 and AS1 = SAL. Hence [A, S] is faintly compatible.

Now, for x = 0, Az = Sz.

For x =2, Az # Sz

For z = 0,2, AS0 = SA0 and AS2 # SA2.

Hence, [A, S] is faintly compatible but not occasionally weakly compatible.

Now, we give an example of maps which are compatible maps of type (K') but not
compatible maps of type (P).

Example 2.4. Let (X,d) be a metric space where X € Rt and (X, F,t) be the
induced Menger space with F, ,(t) = forallt >0, z,y € X.
Define self maps S and T as follows:

1

2 .

)

2t?
t+|z,yl

= O
IA A
8 8
IN A
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AndTr=1—-=x
Takexn:%—k%,nZ?).

lim Sz, =
n—oo

lim Tz, =

n—0o0

lim SSz, = lim S

n—oo n—oo

~ N NN I NN

1 1
2 2

lim TTz, = lim T(1> = 1
n—oo n—oo 2
So,
lim SSz, =Tx
n—oo
lim TTz, = Sz.
n—oo

Hence (S,T) is compatible of type (K).
NOW, hmn_wo FSS:Bn,TTzn (t) == F1/271/2(t) = m 7é 1 for ¢t > 0.
Hence the pair (S,7) is not compatible of type (P).

Lemma 2.1. [16] Let {x,} be a sequence in a Menger space (X, F,t) with con-
tinuous t-norm t and t(a,a) > a. If there exists a constant k € (0,1) such that
Fop v o (Kt) > Fy 4, (t) forallt > 0 and n = 1,2,3, ... then {z,} is a Cauchy
sequence in X .

Lemma 2.2. [16] Let (X,F,t) be a Menger space. If there ezists a constant
k€ (0,1) such that F, ,(kt) > F,,(t) for allz,y € X and t > 0, then x = y.

A class of implicit relation. Let ® be the set of all real continuous functions
¢ : (RY)* — R, non-decreasing in the first argument with the property:

a. For u,v >0, ¢(u,v,v,u) >0 or ¢(u,v,u,v) > 0 implies that u > v.

b. ¢(u,u,1,1) > 0 implies that u > 1.

Example 2.5. Define ¢(ty, ta, t3,t,) = 18t; — 16ty + 8t3 — 10t4. Then ¢ € P.

3. Main Result

Theorem 3.1. Let A, B,L,M,S and T be self-mappings on a complete Menger
space (X, F,t) with t(a,a) > a, for some a € [0, 1], satisfying:

(3.1.1) L(X) C ST(X), M(X) C AB(X);

(3.1.2) ST(X) and AB(X) are complete subspaces of X ;
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(3.1.3) either AB or L is continuous;

(3.1.4) (L, AB) is compatible maps of type (K );

(3.1.5) (M, ST) is reciprocal continuous and faintly compatible;

(3.1.6) for some ¢ € @, there exists k € (0,1) such that for all z,y € X andt > 0,

(b(FL:(:,My(kt)a FABx,STy(t)> FLx,ABa: (t), FMy,STy(kt)> Z 0.

Then A,B,L,M,S and T have a unique common fized point in X.

Proof. Let zp € X. From condition (3.1.1) there exist z1,25 € X such that
Lxog = STx; = yo and Mz, = ABxy = y; Inductively, we can construct sequences
{z,} and {y,} in Xsuch that

Ll‘gn = ST,CL’Qn+1 = Yon and M$2n+1 = ABZ‘QTH_Q = Y2n+1 fOl" n = O, 1, 2....

Step 1. Putting © = x9, and y = x9,,; in (3.1.6), we get

¢<FLx2n,M$2n+1 (kt)v FABIQn,STx2n+1 (t)> FLxQn,ABﬂmn (t)> FM$2n+1,ST962n+1 (kt>) > 0.

Letting n — oo, we get

¢ (Fy2n7y2n+l (kt)’ Fan—lvan (t)7 Fanaan—l (t)7 Fy2n+17y2n (kt)) Z 0

Using (a), we get
E

Yon,Y2n+1

(kt) Z FyZn—han (t) :

Therefore, for all n even or odd, we have
Fynyyn+1 (kt) 2 Fyn—layn (t)

Therefore, by Lemma 2.1, {y,} is a Cauchy sequence in X, which is complete.
Hence, {y,} — z € X. Also its subsequence converges as follows:

{Ls,,} = 2, {ABy,,} = 2z, {My,,,,} = zand {ST,,, ., } = 2.

Case 1. When AB is continuous.
Let {z,} be a sequence of X such that

lim ABx,y, = lim Lxy, = z for some z € Z.
n—oo n—oo

Then by definition of compatible maps of type (K), we have

lim ABABxs, = Lz.

n—oo
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If AB is continuous, lim,_,., ABABx,, = AB(limTHoo ABx2n> = ABz. This

implies that ABz = Lz.
Step 2. Putting x = ABxs, and y = x9,41 in (3.1.6), we get

¢(FLABx2n,M;r2n+1(kt)a FABABra,STwsni1 (t), FLAB23,,ABAB2, (t), FMasy41,STsy, (kt)) > 0.
Letting n — oo, we get

O Paez (K1), Fapso(t), Fape,ap=(0), Foz(kt)) = 0

6 (Fapea(kt), Fap=(1),1,1) 2 0.

As ¢ is non-decreasing in the first argument, we have

¢<FABz,z(t)7 FABsz(t), 1, 1) > 0.

Using (b), we get
Fap..(t)>1, forallt >0

which gives ABz = z.
Step 3. Putting z = z and y = x9,41 in (3.1.6), we get

¢<FLZ,Mx2n+1 (kt), FaBz,5Twop 41 (1) FrLz,aB2(t), FMaoni1,STz0n 11 (k’t)> > 0.
Letting n — oo, we get
qb(FLz,z(/ff), Fap::(t), Fr. a:(t), Fz,z<kt)> >0
O(Frec (k). 1, Fles(t),1) > 0.
As ¢ is non-decreasing in the first argument, we have
O(Fre), 1, Freap=(8),1) 2 0.

Using (a), we get
Fr..(t) > 1, forallt > 0,
which gives z = Lz. Thus, we have z = Lz = ABz.

Step 4. Putting x = Bz and y = x9,,1 in (3.1.6), we get

o <FLBZ,M9327L+1 (kt), FABB2,STasnir (1) FrB2,ABB2(t), FMaoy i 1,8Tw0n 11 (k?t)) > 0.
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Letting n — oo, we get

¢<FBz,z(kt)> FBz,Z<t>7 FBZ,Bz (t>7 Fz,z(kt)> Z 0

O( Pz (kt), Fi-2(8),1,1) 2 0,
As ¢ is non-decreasing in the first argument, we have
¢<FBZ,Z(t), Fr..(t), 1, 1) > 0.
Using (b), we have
Fg,.(t) > 1, for all t > 0,

which gives z = Bz. Since z = ABz, we also have z = Az. Therefore, z = Az =
Bz = Lz.

Step 5. As L(X) C ST(X), there exists v € X such that z = Lz = STv. Putting
T = Z9, and y = v in (3.1.6), we get

O Fraato (68), Fapas,s10(8); Fras, Apean (1), Farosrolkt)) 2 0.

Letting n — oo, we get

¢<FL2,MU(kt)7 Fz,STU(t)u Fz,z(t)y FMv,z(kt)> Z 0

O(Foro (k). 11, Faso (k1) ) > 0,

Using (a), we have
F,mo(t) > 1, forallt >0

which gives z = Mv. Therefore, z = Mv = STv. As (M, ST) is faintly compatible,
there is a sequence {z,} in X satisfying lim,, o, Mz, = lim,_,, STz, = v for some
v € X such that

im Firsrs, srae, (t) = 1.
n—oo

As (M, ST) is reciprocal continuous, we get

lim M STz, = Mv, lim STMz, =STv

n—oo n—o0

and so Mv = STwv. Again as (M, ST) is faintly compatible, we get

MSTv = STMuv.
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Thus, STz = Mz.
Step 6. Putting x = x4, and y = z in (3.1.6), we get

¢<FLx2n,Mz(kt)7 FABxgn,STz (t)a FLxgn,AB:L‘Qn (t), FMz,STz(kt)) 2 0.
Letting n — oo, we get

¢(Fz,Mz(kt)a Fz,Mz(t)a 17 1) Z O

As ¢ is non-decreasing in the first argument, we have

¢<Fz,Mz(t)>Fz,Mz(t)7 L, 1) > 0.

Using (b), we have
F,am.(t) > 1, forallt >0

which gives z = Mz = STz.
Step 7. Putting = x5, and y = Tz in (3.1.6) and using Step 5, we get

o (FLxQn,MTz(kt>a FBuy,.s172(t), FLus, ABxoy (1), FMTz,STTz(kt)> > 0.

Letting n — oo, we get

¢<F2,Tz<kt)a Fz,Tz (t)a Fz,z(t)a FTz,Tz(kt)> 2 0

¢(FZ,TZ(/<¢), Flra(t),1, 1) > 0.

As ¢ is non-decreasing in the first argument, we have

O(Fear=(0), Par-(0),1,1) > 0.
Using (b), we have
Fz,Tz(t) 2 1, forallt >0

which gives z = T'z. Since Tz = STz, we also have z = Sz .
Hence,
Az2=Bz=Lz=Mz=Tz= 5z = z.

Hence, the six self maps have a common fixed point in this case.

Case 2. When L is continuous.
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Let {x,} be a sequence of X such that

lim ABx,, = lim Lx,, = z for some z € Z.
n—oo n—o0

Then by definition of compatible maps of type (K), we have

lim LLxy, = ABz.

n—o0

If L is continuous, lim,, .o, LLxy, = L(lim,HOo Lx2n) =Lz
This implies that ABz = Lz.

Step 8. Putting = = z and y = x9,41 in (3.1.6), we get
¢<FLZ,M1‘2n+1 (kt), FaBz sT2on 1 (1), Frz,aB2(t), Fzon1,8Twom (/ft)> > 0.
Letting n — oo, we get
O Froa(kt), Fros(t), Froa(t), o (Kt)) 2 0
6 (Frea(ht), Fre(8),1,1) 2 0.

As ¢ is non-decreasing in the first argument, we have
gb(FLZyZ(t)? FLz7z(t), 1, 1) > 0.

Using (b), we have
Fp..(t) > 1, forallt >0

which gives z = Lz.
Therefore, z = Lz = ABz.

Step 9. Putting x = Bz and y = x9,,1 in (3.1.6), we get
¢ (FLBZ,Mx2n+1 (kt), FABB2,STaonir (1) FLB2,ABB2(t), FMaoyi1,STw0n 11 (kt)> > 0.
Letting n — oo, we get

¢(FBz,z(kt)> FBz,z<t>7 FBZ,BZ<t)7 Fz,z(kt)) 2 0

0(Fp-.(ht), Fp..-(6),1,1) 2 0.
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As ¢ is non-decreasing in the first argument, we have
¢(FBz,z(t)> FBZ,Z(t>7 ]-7 1> Z O
Using (b), we have
Fg,.(t) > 1, forallt >0

which gives z = Bz.
Since z = ABz, we also have

z = Az.
Therefore, z = Az = Bz = Lz.
Step 10. As L(X) C ST(X), there exists v € X such that z = Lz = STw.
Putting © = x9, and y = v in (3.1.6), we get

(b(FLxgn,M'u(kt); FAszn,ST’U (t), FLxgn,ABxgn (t), FM'L},STv<kt)) Z 0.

Letting n — oo, we get

(ZS(FZ,MU(kt)) FZ,STU(t)7 Fz,z<t)7 FMU,z(kt)) Z 0

(Fenro(kt), 1,1, FMU,Z(M)) > 0.

Using (a), we have
F.mo(kt) > 1, forallt >0

which gives z = Mw.
Therefore, z = Mv = STw
As (M, ST) is faintly compatible, there is a sequence {z,} in X satisfying

lim Mz, = lim STz, = v for some v € X such that
n—o0 n—oo

nll_{glo Furste, stz (t) = 1.

As (M, ST) is reciprocal continuous, we get

lim MSTz, = Mv, lim STMz, = STv

n—o0 n—oo

and so Mv = STw.
Again as (M, ST) is faintly compatible, we get

MSTv = STMu.
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Thus STz = Mz.
Step 11. Putting x = x4, and y = z in (3.1.6), we get

¢<FLz2n,Mz(kt)a FABan,STZ(t)a FLxQn,ABxQn (t)a FMZ,STz(kt)) Z 0

Letting n — oo, we get

¢(FZ7MZ(kt), Foar(t), 1, 1) > 0.

As ¢ is non-decreasing in the first argument, we have
¢<FZ7MZ<t)7 Fz,Mz<t), 1, 1) > 0.

Using (b), we have
F.ar.(t) > 1, for allt > 0

which gives z = Mz = STz.
Step 12. Putting = x5, and y = Tz in (3.1.6) and using Step 5, we get

¢ (FLxQn,MTz (kt), FaABaoy,s172(t)s FlLagn, ABzan (), Frire sT72 (kt)) > 0.

Letting n — oo, we get

¢<Fz,Tz<kt)7 Fz,Tz(t)v Fz,z (t)a FTz7Tz(k7t)> 2 0

¢<FZ,TZ(/<;¢), Fora(t),1, 1) > 0.

As ¢ is non-decreasing in the first argument, we have
¢<FZ,TZ<t>7 Fz,Tz(t>a ]-, 1) Z O

Using (b), we have
F.r.(t)>1, forall t>0.

Thus, F,7,(t) = 1, we have z = T'z.

Since Tz = STz, we also have z = Sz.

Hence, Az=Bz=Lz=Mz=Tz= 5z = z.

Hence, the six self maps have a common fixed point in this case also.
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Uniqueness. Let w be another common fixed point of A, B, L, M, S and T, then
w=Aw = Bw = Lw = Mw = Sw =Tw.

Putting z = z and y = w in (3.1.6), we get

¢<FLz7Mw(kt)> FABZ,STw(t)7 FLz,ABz(t)a FMw,STw<kt)> Z 0.

Letting n — oo, we get

O(Fran(kt). Froa(t), Foc(t), o (kt)) 2 0
O Peanht), Fe(£),1,1) 2 0,

As ¢ is non-decreasing in the first argument, we have

¢<Fz,w(t), Flu(t). 1, 1) > 0.

Using (b), we have
F,.(t) > 1, forallt > 0.

Thus, F, ., (t) =1,

ie., z=w.

Therefore, z is a unique common fixed point of A, B, L, M, S and T.

This completes the proof.

On taking B = T = I (the identity map) on X in Theorem 3.1, we get the following
corollary.

Corollary 3.1. Let A, L, M and S be self-mappings on a complete Menger space
(X, F,t) with t(a,a) > a, for some a € [0, 1], satisfying :

(3.1.7) L(X) € S5(X), M(X) € A(X);

(3.1.8) S(X) and A(X) are complete subspaces of X ;

(3.1.9) either A or L is continuous;

(3.1.10) (L, A) is compatible maps of type (K );

(3.1.11) (M, S) is reciprocal continuous and faintly compatible;

(3.1.12) for some ¢ € ®, there exists k € (0,1) such that for all x,y € X and
t>0,

qb(FLx,My(kt): FA:(:,Sy (t), FLx,Ax (t), FMy,Sy(kt)> Z 0

Then A, L, M and S have a unique common fixed point in X.
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Now, we give an example of Corollary 3.1.
Example 3.1. Let (X, d) be a metric Space where X = [2,20] and (X, F,t) be

the induced Menger space with F, ,(t) = t+d(  for all £ > 0.
Define A, L, M and S : X — X as follows:
2, x=2 )2, x=2
A(x)_{6,a:>2’ L<x)_{3,x>2’
2 T =2
2, r=2o0rx>5H B y
M(x):{G, 2cw<h and S(z) = 12, 2<x<20.
T — D, x>DH

Then, for the constant sequence {x,, } = 2, the pair (M, S) is reciprocally continuous
and faintly compatible mappings and (L, A) is compatible mapping of type (K).
Also, these mappings satisfy all the conditions of the above corollary and have a
unique common fixed point x = 2.

4. Conclusion

Theorem 3.1 is a generalization of the result of Jain et al. [3] in the sense that the
conditions of compatible maps of type (P) and occasionally weakly compatible have
been replaced by compatible maps of type (K) and faintly compatible mappings.
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