J. of Ramanujan Society of Mathematics and Mathematical Sciences
Vol. 8, No. 2 (2021), pp. 29-38

ISSN (Online): 2582-5461
ISSN (Print): 2319-1023

SOME DEFINITE INTEGRAL FORMULAE INVOLVING BESSEL
FUNCTION, LOG FUNCTION AND HYPERGEOMETRIC
FUNCTION

Salahuddin and Vinti

Department of Mathematics,
PDM University, Bahadurgarh - 124507, Haryana, INDIA

E-mail : vsludn@gmail.com

(Received: Feb. 23, 2021 Accepted: May 12, 2021 Published: Jun. 30, 2021)

Abstract: In this paper, we aim to evaluate some definite integrals involving
Bessel function and log function in terms of generalized hypergeometric functions.

Keywords and Phrases: Bessel Function, Hypergeometric Function, Pochham-
mer symbol.

2020 Mathematics Subject Classification: 33B30, 33C10,33C20.

1. Introduction
The following definite integral formulas are recalled (see, e.g., [3, p. 204, Entries
4.7.7-20 and 21]):

/0 rlogx Ji(ax)dr = —% [J5(a) + JP(a) — 2J0(a)J1(a)}. (1.1)

/0 rlogx Ji(ax)dr = 27;[1 — (a® +1)J3(a) + a Jo(a)Ji(a) — a® Ji(a)]. (1.2)

Bessel functions of the first kind, denoted as J,(x), are solutions of Bessel’s differ-
ential equation that are finite at the origin (x = 0) for integer or positive a, and
diverge as x approaches zero for negative non-integer o (See[11]). It is possible to
define the function by its Taylor series expansion around x = 0.
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where I'(2) is the familiar gamma function and the multi-valued function (x/2)*m
is assumed to be taken as one of its branches, say, its principal branch (|arg(xz/2)| <
).

The Bessel functions are valid even for complex arguments x, and an impor-
tant special case is that of a purely imaginary argument (See[l11]). In this case,
the solutions to the Bessel equation are called the modified Bessel functions (or
occasionally the hyperbolic Bessel functions) of the first and second kind. The first
kind of modified Bessel function is defined as

© 1 T\ 2mta
L(z) = 17, (1z) = () 1.4
o) = 7 Ja(ux) mZ:Om! F'm+a+1) \2 (14)
A generalized hypergeometric function ,Fj(ay, ..., ay; b1, ..., by; 2) is a function which
can be defined in the form of a hypergeometric series, i.e., a series for which the
ratio of successive terms can be written
Ck+1 o P(k)) (k—i—al)(k—i—ag)...(k—l—ap)

o Q) (k+b)(k+b)(k+b)k+1) (1.5)

Where k+ 1 in the denominator is present for historical reasons of notation [Koepf
p. 12 (2.9)], and the resulting generalized hypergeometric function is written

- Ay, ag, -, ap . :i(al)k(gz)km(%)kzk L6)
o bl,bg,--- ,bq ; k=0 (bl)k(bQ)k(bq)kk'
where the parameters by,bs,- -+ ,b, are complex numbers excluding non-positive

integers.
Here (\), denotes the Pochhammer symbol which is defined (for A\, v € C) by

(), = F()\—I—l/)_{)\()\+1)()\+2)---()\+n—1) (r=neN;\eC),
S NV (rv=0;Ae C\{0})

it being understood conventionally that(0)y := 1 and C,N the sets of complex
numbers and positive integers, respectively. The ,F series converges for all finite
z if p < g, converges for | z |< 1if p=¢q+ 1, diverges for all z , z A 0if p > g+ 1
[Luke p.156 (3)].

The function 5Fi(a,b;c; z) corresponding to p = 2,q = 1, is the first hyper-
geometric function to be studied (and, in general, arises the most frequently in
physical problems), and so is frequently known as ”the” hypergeometric equation



Some Definite Integral Formulae involving Bessel Function ... 31

or, more explicitly, Gauss’s hypergeometric function [Gauss p.123-162]. To confuse
matters even more, the term ”hypergeometric function” is less commonly used to
mean closed form, and "hypergeometric series” is sometimes used to mean hyper-
geometric function.

In mathematics, the falling factorial or Pochhammer symbol (sometimes called
the descending factorial,falling sequential product, or lower factorial) is defined as
the polynomial [Steffensen p.8§]

() = x(z — 1) (2 — 2)....... (x—n+n:[px—k+n:fhx—m (1.7)

2. Main Formulae of the Integration

! 1 333 55 13 5
/ 2*logx J3(ar)dr = — [3F4< 1,1, = —'—a2>—32F3<§,§;1,1,§;—a2 ]
0

18 2'9°9 Y
(2.1)
! 2 1 ]' 2
2 logz J§ ax)da:——% 3F4(2,2,2;1,1,3,3;—a>. (2.2)
0
! 1 155 77
/0 atlogz J3 am)dx——2—5 3F4<2 27 2,1,1,5,5;—a2). (2.3)
! 1 1 )
log Jf(az)dr = —— 3F4<2,3,3;1,1,4,4; —a ) (2.4)
0
! 1 177 99
logz J2(az)ds = —— F( 11,2, 2 - 2) 2.5
/Oxogx (az)de = =35 sF1(3 5o gL L g gi e (25)
! 1 199 11 11
/0 S logz J3 aa:)da::—8—1 3F4(2 2’ 2,1,1, AL a2>. (2.6)
1 111 11 13 13
#Plogz J2(ax)de = ——— F( 1,1 2). 2.7
/0 oga Jo(az)de = =3 a3 5 il L5 5ima (27)

fol ?*logx Ji(ax)dx

55 5 7 35 7
200" [334222 13905170 ) =0 2l3(5: 51235574 (2:8)

1 1
15183 -0) —oF(5.21,8.3—a) . (29)

1
/ 2 logz Ji(ar)dr =
0 2
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i v logz Ji(ax)dr = —r;6a ;»,F4<:23 ; ; 2,3,;,%,—a2> (2.10)
/01 2%logz Ji(az)dr = —3%@2 3F4<§ 3 2,2,3 1—21 % —a2> (2.11)
/01 Slogx Ji(ax)dr = —ﬁ 23 4<2 121 121,2,3 ? 1—23 —a ) (2.12)
/lelologx J2(ax)dr = —%aQ 3 4<;, g, 123,2,3 %5 ? —a2> (2.13)

Jo 2*logz J3(ax)dx
N 62172a 5 3F4<g’ ; 5’3’5’ g’ g’ —d) -7 2F3<g’ ;3’5’ g’ ~)]. @
/ z*logx JZ(ax)dr = ﬁ 4 3F4(g 2 Z 3,5,%,%;—@2) (2.15)
/ 2%logx J2(ax)dx = —m <Z 121 121, ,D, 123 123 a2>. (2.16)
/ $logz J3(ax)dr = 10816 <2 123 123, .0, 125 125 a2>. (2.17)
/ 2 logx J3(ax)dw = —14400 <5 15 15 3,5, 127 127 a2>. (2.18)

fo r*logz Ji(az)dx
/01 a*logz J3(ax)dr = _2781784a6 174(;7 12—1, 1—21; 4,7, 1—23, g; —a2>. (2.20)
/01 2°logx JZ(ax)dx = _3891376a6 F4(g, 12—3, %; 4,7, 1—25, ?; —aQ). (2.21)
/01 ¥ logz J2(ax)dr = —518140()@6 4(; 12—5, g; 4,7, g, g; —a2>. (2.22)
/01 2 logx J3(ax)dr = _6651856a6 3Fy (g, %7, g; 4,7, g, 12—9; —a2>. (2.23)
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fol r?logz Ji(az)dz
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/0“j ogx Jy(ar)dr 24920064 i) (229)
1
915 15 _ 17 17
61 J2 dr = <___ ———2>. 2.26
/Om ogx Ji(azr)dr = 33177600 Fy 55 5 55 4 (2.26)
1
917 17 _ 19 19
Slogz J2(ax)ds = F(——— ——~—2>. 2.27
/Oxogx s(az)dz 42614784a3422 2 i) (220)
! 1 9 19 19 21 21
loga JHar)dy = ——a® 3Fy (5, o, —35,9, 5 T —a?) . (228
/OVI ogxr 4(&.13) X 53231616a 314 2 9 27 ’ 727 2? a ( )
! | 13 13 13 15 15
21 J2 d _ 10[1 F<——_611 _._2>_
/oxogx s(a2)dr = o 012800 T\ T
11 13 15
1 F( 11,22 — 2)] 2.2
32 3 2 2 6 72a a ( 9)
! 1 11 15 15 17 17
Nogx J2(az)ds = — ————q1° (———-611——-—2>.
/ox ogw Jylar)dr = —aomssonn® il g 65
(2.30)
! 1 11 17 17 19 19
Slog JE(ax)de = ——————oa yFy( S o, 56,1, —, —; —a)
/Ox ogx Ji(ax)dx 126147400 ¥\ 5 9 btk on 5
(2.31)
! 1 11 19 19 21 21
*logx JZ(az)dr = ——o——a' F(———611——'—2>
/ox ogr Ji(ar)dr = — et M\ 2G5 e
(2.32)
! | 11 21 21 23 23
loga J2(ax)dr = ————oca yFy (-, T, 16,11, 2 —a?))
/om ogw Jylaz)dr = —eorcooen . i\ 5 20 giTa
(2.33)
! 2 2 1 12
logz J2(az)des = ——
/0 logw Jo(an)dr = G 14880000
15 15 15 17 17 15 17 19
11 F< 13, — =L ) 1 F( 13, -2 — 2)} 2.34
[342227322 525 i T8 i ma) |- (234)
! 1 13 17 17 19 19
Nogx J2(ax)ds = —————— g2 ( 713, — 2).
/ox o8 Jolaa)de = —rasammaenn i\ g I g g e

(2.35)
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. 1 13 19 19 21 21
61 J2 d - 12 F( 713___2)
/ox ogr Jylar)dr = — g g it g e
(2.36)
; 1 13 21 21 23 23
81 J2 dr — — — 12 F( 7 13 2>'
/ox o8 Jyla)dr = — e tissaann® i\ g i BB e
(2.37)
. 1 13 23 23 25 25
10 J? dr = — 12 (_ -5 13— 2)
/ox ogw Ji(aw)dr = — o somaseoo”. I\ B e
(2.38)
1 ) 9 1 14
logz J. dx =
/O vloge Jrlaw)dr = oo o am3900 "
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1
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(2.42)
1 o ) p 1 14
1 J = -
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15 25 25 27 27
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‘) e e 16
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79,17, —
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81 J2 d _ 16
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0
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23 31 31 33 33
o 4( 2° 272 12,23,?,7;—&). (262)
! 10 2 1 2
1 J de = —
/0 v log T (ar)dr = = 08 1508308925440000
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X 3 4(2 S 512,23, 5 a2). (2.63)
1 ) ) 1 24
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><3F4<2 S 13,25, 0 a2>. (2.65)
1
1 J d _ 24
/0 wlog Jp(ar)dr = = ae S 0062051424728514560000
25 31 31 33 33
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1
1 J d _ 24
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