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1. Introduction, Definitions and Notations

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory of meromorphic functions which are
available in [7, 9, 14]. We also use the standard notations and definitions of the
theory of entire functions which are available in [13] and therefore we do not explain
those in details. Let f be an entire function and My(r) = max{|f(2)| : |z| = r}.
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When f is meromorphic, the Nevanlinna’s characteristic function T%(r) (see [7, p.
4]) plays the same role as My(r), which is defined as

Ts(r) = Ng(r) +my(r),

wherever the function N (r,a)(N(r,a)) known as counting function of a-points
(distinct a-points) of meromorphic f is defined as follows:

r

t —
N¢(r,a) = /nf( @) nf(o’a)dt—i—nf((),a) log r

t
0

(Ws(r.a)= ]ﬁf(t’ D0 by 4 70,0) owr),

0

in addition we represent by ns(r,a)(7s(r,a)) the number of a-points (distinct a-
points) of f in |z| < r and an oo -point is a pole of f. In many occasions N¢(r, 0o)
and N ;(r,00) are symbolized by N;(r) and N ;(r) respectively.

On the other hand, the function m¢(r,00) alternatively indicated by m(r)
known as the proximity function of f is defined as:

2
1 .
my(r) = %/ngr |f(7’€29)\d9, where
0

log* x = max(log z,0) for all x > 0 .

Also we may employ m(r, 72) by ms(r, a).
For an entire function f, the Nevanlinna’s characteristic function T (r) of f is

defined as
Ty(r) = my(r).
Moreover, if f is non-constant entire then T4 (r) is also strictly increasing and
continuous function of r. Therefore its inverse T’ L (T4(0),00) — (0,00) exists

and is such that lim 7} '(s) = co. For z € [0,00) and k € N where N is the

S$§—00
set of all positive integers, we define iterations of the exponential and logarithmic

functions as exp* 2 = exp(exp*~! z) and log*l 2 = log(log[kfl] x), with convention
that log” z = z, logl™ 2 = expz, expl¥ 2 = z, and expl"U 2z = logz. Further we
assume that p and ¢ always denote positive integers. Now considering this, let us
recall that Juneja et al. [8] defined the (p, ¢)-th order and (p, ¢)-th lower order of
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an entire function as follows:

Definition 1. [8] Let p > q. The (p,q)-th order p®P9(f) and (p,q)-th lower order
AP (f) of an entire function f are defined as:

log!”! M logl? Af
pPD(f) = limsup og” My(r) and \P9(f) = lim inf& ) f(r).
r——4o00 log[(ﬂ r r——+oo log[(I] r

If f is @ meromorphic function, then

logP1 T logh1T
pPO(f) = lim s.up—Og r(r) and \P9(f) = lim inf28 20 f(r>.
rtoo loglly rotoe Jogld

For any entire function f, using the inequality T (r) < log Ms(r) < 3T%(2r)
{cf. [7]}, one can easily verify that

log!®! M log”~ 1T
pPO(f) = lim sup—Og s(r) = lim sup—Og ()
rstoo logld rstoo logldy

log!" M logP—1 T
and ACO(F) = liminf 28 M) gy nelos” Tr(r)
rotoo  Jogldy rdoo Jogld

when p > 2.

The function f is said to be of regular (p,q) growth when (p,q) -th order and
(p, q)-th lower order of f are the same. Functions which are not of regular (p,q)
growth are said to be of irregular (p, ¢) growth.

Extending the notion of (p, ¢)-th order, recently Shen et al. [11] introduced the
new concept of [p,q]-p order of entire and meromorphic functions where p > gq.
Later on, combining the definition of (p,g)-order and [p, q]-¢ order, Biswas (see,
e.g., [2]) redefined the (p,q)-order of entire and meromorphic functions without
restriction p > q.

However the above definition is very useful for measuring the growth of entire
and meromorphic functions. If p = [ and ¢ = 1 then we write pV(f) = p(f) and
AED () = XO(f) where pW(f) and AW (f) are respectively known as generalized
order and generalized lower order of entire or meromorphic function f. For details
about generalized order one may see [10]. Also for p = 2 and g = 1, we respectively
denote p®V(f) and A2V (f) by p(f) and A(f) which are classical growth indicators
such as order and lower order of entire or meromorphic function f.

Now let L be a class of continuous non-negative functions « defined on (—oo, +00)
such that a(z) = a(zg) > 0 for z < zy with a(z) T +00 as © — +o00. For any
a € L, we say that a € LY, if a((1 + o(1))z) = (1 + o(1))a(x) as  — +oo and



34 South FEast Asian J. of Mathematics and Mathematical Sciences

a € LY, if a(exp((1+0(1))z)) = (1 + o(1))a(exp(z)) as * — +oo. Finally for any
a € L, we also say that a € Ly, if a(cz) = (1+0(1))a(z) as xy < z — 400 for each
c € (0,400) and a € Lo, if a(exp(cx)) = (14 o(1))a(exp(z)) as o < & — +oo for
each ¢ € (0,+00). Clearly, L; C LY, Ly C LY and L, C L;. Further we assume
that throughout the present paper as, 3, 51, 82 € L1 and oy € Ly unless otherwise
specifically stated.

Considering the above, Sheremeta [12] introduced the concept of generalized
order (a, 8) of an entire function. For details about generalized order (a, §) one
may see [12].

Now, we shall give the definition of the generalized order («, /3) of a entire func-
tion which considerably extend the definition of p-order introduced by Chyzhykov
et al. [6]. In order to keep accordance with Definition 1, have gave a minor mod-
ification to the original definition of generalized order («, ) of an entire function
(e.g. see, [12]).

Definition 2. The generalized order (a, 3) denoted by pi.p)|f] and generalized
lower order («, B) denoted by Na.p)[f] of an entire function f are defined as:

, a(M;(r))
o = limsup—————=, and
M
Naplf] = 1}9&?% where a € Ly.
If f is a meromorphic function, then
, a(exp(Ty(r)))
a = 1 ————2 and
Paplf] = meup==p =, an
— Jimine AP ()
Naplf] = lﬁr_ﬂ&f 50) where o € Lo.

Using the inequality T¢(r) < log M¢(r) < 3T¢(2r) {cf.[7]}, for an entire func-
tion f, one may easily verify that

L aM) L ales(Ty)
Paplf] = leEop ) lHigop Gy P d
ANaplf] = lim infwlim infa(eXp(Tf(r))) when o € L.

r—-+00 ﬂ (T) r—-+00 T

Definition 1 is a special case of Definition 2 for a(r) = logl” r and 8(r) = log¥ r.
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Now in order to refine the growth scale namely the generalized order («, (),
we introduce the definitions of another growth indicators, called generalized type
(a, B) and generalized lower type (o, ) respectively of an entire function which
are as follows:

Definition 3. The generalized type (o, 3) denoted by o(ap|f] and generalized
lower type (a, B) denoted by T(ap | f] of an entire function f having finite positive
generalized order (o, ) (0 < pa,plf] < 00) are defined as :

. exp(a(M;(r)))
oaplf] = hrrgfgop (exp(ﬁ(r))gp(a’/’) (]
Taplf] = liminf exp(a(My(r))) a € Ly).

P Cexp (Bt pe

If f is a meromorphic function, then

. exp(a(exp(Ty(r))))
Oaplfl = ligiip (exp(B(r ))p]zam[f d

)
E(a,ﬁ)[.ﬂ _ liminfeXp( afexp(Ty(r ))))7 (o € Ly).
P exp(Br))e ]
It is obvious that 0 < G o p)[f] < 0(ap[f] < 00.

Analogously, to determine the relative growth of two entire functions having
same non-zero finite generalized lower order (a, ), one can introduced the defini-
tion of generalized weak type (a, 3) and generalized upper weak type («, 5) of a
entire function f of finite positive generalized lower order («, 3), (a5 [f] in the
following way:

Definition 4. The generalized upper weak type (o, ) denoted by T(a.p)[f] and gen-
eralized weak type (o, B) denoted by 15 |f] of an entire function f having finite
positive generalized lower order (o, f) (0 < Aa,p)[f] < 00) are defined as:

_ : exp(a(M;(r)))
Taplfl = hgilop(exp( r)))%m

A(
e exp(a(M(r))
oalf) = G e
If f is @ meromorphic function, then

, (o € Ly).

exp(a(exp(Ty(r))))

Taplf] = lgigop (exp(B(r)) e
.. X xp(1’
reolf] = e o € L)
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It is obvious that 0 < T(ap) [ f] < T(a,p) [ f] < 0.

In this paper we wish to prove some results related to the growth rates of
composite entire and meromorphic functions on the basis of their generalized order
(e, B), generalized type (o, ) and generalized weak type («a, ). In fact some works
in this direction have already been explored in [3, 4, 5].

2. Main Results
First we present a lemma which will be needed in the sequel.

Lemma 1. [1] Let f be meromorphic and g be entire then for all sufficiently large
values of ,

Ty(r)
T <A1 )} —2C _T(M .
7o) (1) < {1+ of )}logMg(T) 7(My(r))
Now we present the main results of the paper.
Theorem 1. Let f be meromorphic and g be an entire function such that 0 <
Nan,g) L] < plasylf] < 00 and o(a, p,)[g] < 00 where 1(r) < exp(aa(r)). Then
lim sup a1 (eXp<Tf(g) (T))) - < U(a2,62)[9} ) p(oqﬁl)[f] .
rovtoe o (exp(Ty (B (exp(Ba(r))) ez 221%)))) A s lf]
Proof. We get from Lemma 1 and the inequality T,(r) < log M,(r) {cf.[7]} for

all sufficiently large values of r that

a1 (exp(T() (1)) < (1 +o(1))an(exp(Tr(M,y(7))))
i, an(exp(Tyi(r))) < (1+ 0(1)) (pran s lf] + )1 (My(r)
iy ar(Exp(Typ)(r)) < (1+0(1)) (e s lf] + &) explas(My (1)
i.e., aq(exp(Tg)(r))) <

(1+ 0(1) (Pras o0 L] + €) (T 9] + €) (exp(Ba(r)) o210, (2.1)

Now from the definition of (4, g,)[f], we obtain for all sufficiently large values
of r that

o (exp(Ty(By " (exp(Ba(r))) 222 ¥))) > (May 1) [f] =€) (exp(Ba(r)) )P eze ). (2.2)

Therefore from (2.1) and (2.2), it follows for all sufficiently large values of r
that

a1 (exp(Ty(y)(r))) <
a (exp(Ty (B (exp(Ba(r))) ez lél))) —
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(1+ 0(1))(P(a1,,81)[f] + 6)(0(012’&)[9] + 5)(eXp(Bg(T)))sz,Bz)[g}
(Aon g [f] — &) (exp(Ba(r)))Ptoa sl

1.€., lim sup alEelXp(Tf(g) (T))) < 0 (az,B2) [g] * Plag,p1) [f] .
Y e (T B exp ()P =) = Nl

Thus the theorem is established.

Remark 1. In Theorem 1, if we replace the condition ‘0, p,)g] < 00” by
‘?(ag,gz)[g] < oo 7 and other conditions remain same, then Theorem 1 remains
valid with “N(a, (9] 7 and “Ta, 8,)9] " instead of “,0(042”32)[‘9] 7 and “o(a,p)[g] 7 Te-
spectively.

Remark 2. In Theorem 1, if we replace the conditions 0 < A, s)f] < Pran,pn)

[f] < 00 and 0(ay,8,)[9] <00 7 by “playpnlf] < 00, Nasp)lg] > 0 and o(a, p,)[9] <
oo where ay € Ly 7 and other condition remains same, then Theorem 1 remains

valid with “as(exp(T,(By (exp(Ba(r)))Pe25218))) 7 and “N, s,)[g]” instead of
‘s (exp(Ty (B (exp(Ba(r))e19))* and Ny o)1) * respectively,

Remark 3. In Theorem 1, if we replace the conditions 0 < A, ) [f] < Pran,pi)

[f] < 00 and 0(042,52)[9] < oo 7 by “p(al,ﬁl)[f] < 09, )‘(012,52)[9] > 0 and F(C¥2,52)[g] <
oo where ag € Lo” and other condition remains same, then Theorem 1 remains

valid with “os(exp(T,(By ' (exp(Ba(r))) ez s )) 7 X, 5 [g] 7 and “Tiay p,)lg]”

instead Of “051 (exp(Tf(ﬂl_l(exp(ﬂ2(T)))p(%’%ﬂg}))) ”7 “)‘(alﬁﬂ[f] 7 and “O-(az,ﬁz)[g] 7
respectively.

Using the notion of generalized lower type (o, 3) we may state the following
theorem without its proof because it can be carried out in the line of Theorem 1.

Theorem 2. Let f be meromorphic and g be an entire function such that 0 <
Ao gnlf] < pranpnlf] < 00 and G(a,,p,)[g] < 0o where p1(r) < exp(az(r)). Then

A v E?XP(Tf(g) (r))) < Taz8)[9]  Pron,o) ]
r=+o0 vy (exp(Ty (81 ' (exp(Ba(r))) ez #2)11))) A0 f]

Remark 4. In Theorem 2, if we replace the conditions ‘0 < A, ) [f] < Pran,pi)

[f] < 00 and E(Cmﬂz)[g] < o0’ by “p(ahﬂl)[f] < 00, )‘(&2,52)[9} >0 and E(a2,ﬁ2)[g] <
oo where ag € Lo” and other condition remains same, then Theorem 2 remains
valid with “as(exp(Ty (85 (exp(B2(r)))Pe2529))) " and “Na, s,)lg]” instead of

‘o (exp (T (B (exp(Ba(r)))Pe2229))) " and “Nay ) [f] 7 respectively.

Remark 5. In Theorem 2, if we replace the condition “G(a,p,)lg] < o0” by
“Tlas,)[9] < 00 7 and other conditions remain same, then Theorem 2 remains
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valid with

“r (exp(Ty(By  (exp(Ba(r)) ) Me2o2¥1))) " and “Tay,5,)[9]” instead of
‘o1 (exp(Ty (B (exp(Ba(r)))Pe2#29))) 7 and G (o, s)g] 7 respectively.

Remark 6. In Theorem 2, zf we replace the conditions ‘0 < X, ,8)[f] < Par,81)
[f] < 00 and T(ay,p,)[9] < 007 by Pl [f] < 00, A(as,p)[9] > 0 and T(a, 5,)[g] < 00
where ay € Ly” and other condition remains same, then Theorem 2 remains valid
with “a(exp(Ty (57" (exp(Ba(r)) @2 219)) 7, Ny ) [g]” and “Taa s lg]” instead
of “an(exp(T7 (57 (exp(Ba(r))e2m19)))7, Niay 5[] and Fayplg)  respec-
tively.

Now we state the following theorem without its proof as it can easily be carried
out in the line in the line of Theorem 1.

Theorem 3. Let f be meromorphic and g be an entire function such that 0 <
)‘(al,ﬁl)[f] < oo or 0 < p(alﬁl)[f] < 00 and U(azﬂz)[g] < 00 where 51(7’) <
exp(aa(r)). Then

lim inf ay(exp(Ty)(r))) <
r=too ayy (exp(Ty(By ' (exp(Ba(r)) )Pz 1))

Remark 7. In Theorem 3, if we replace the condition ‘0(a,p,)lg] < 00” by
“Tlas,B2)[9] < 00 7 and other conditions remain same, then Theorem 3 remains
valid with

‘o (exp(Ty(By ! (exp(Ba(r)))Me2210))) " and Ty 5,)[g] 7 instead of

‘o1 (exp(T (B (exp(Ba(r)))Pe2529))) 7 and “o (4, g,)[g]” respectively.

Remark 8. In Theorem 3, if we replace the conditions 0 < A, g,)[f] < oo or

0 < p(alﬁl)[f] < 00 and U(a2,52)[g] < o007 by “)‘(041,51)[]0] < 0, >‘(a2,ﬂ2)[g] > 0 and
O(as,B)[9] < 00 where ay € Ly” and other condition remains same, then

O (as,B2) [g]

lim inf alE?XP(Tﬂg)(T))) < T(az8)[9] - Moo lf]
r=+o0 qp (exp(Ty(B; " (exp(Ba(r))) ez i) l))) A(az,p2) 9]

Remark 9. In Theorem 3, if we replace the conditions 0 < A, g,)[f] < 0o or
0 < plas,p[f] < 00 and o(ay,p)[9] < 007 by “plays)[f] < 00, plas.plg] > 0 and

O(as,82)[9] < 00 where ay € Ly 7 and other condition remains same, then
lim inf OélE?Xp(Tf(g) (r)) E < U(a2752)[g] ) p(al,ﬂl)[f] ‘
rovtos ag(exp(Ty (B~ (exp(fa (7)) e2221%))) Plac,52)19]

Remark 10. In Theorem 8, if we replace the conditions 0 < A, g)[f] < 00 or
0 < plagpy)[f] < 00 and (ay,8)[9] < 007 by Ay s)[f] < 00, Aasr)lg] > 0 and
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T(az,82)[9] < 00 where ap € Ly” and other condition remains same, then

lim inf alE?Xp(Tf(g)(T)))A < ?(042,62) [g] : )\(oq,ﬂl) [f] ‘
r+00 ag(exp(Ty (B ' (exp(Ba(r))) ez 1)) Aaz,82)19]

Remark 11. In Remark 10, if we replace the conditions “Na, g,)[f] < 00, Aas,)
lg] > 07 by “plas,p)f] < 00, Plas,paylg] > 0 7 and other conditions remain same,
then

lim inf O”ETXMTf (9) (T)))A < T (a2,82) 9] 'p(ozlﬂl)[f].
r=+05 quy (exp (T, (B3 (exp(Ba(r))) Moz o191 )) Pla.B2) (9]

Theorem 4. Let [ be meromorphic and g be an entire function such that (i)

0 < pansnlf] < 00, (1) parnlf] = Plas,snlgls (118) O(agpmlg] < oo and (iv)
0 < 0(ayp) [ f] < 00 where Bi(r) < exp(as(r)) . Then

lim inf o1 (exp(Ty(o) (1)) < Plars)lf] - Oaaa)l9]
400 exp(a1(exp(Tf(Bl—l(/BQ(r)))))) - (o) L[]

Proof. In view of condition (i7),we obtain from (2.1) for all sufficiently large values
of r that

01 (exp(Ty)(r))) < (1 + 0(1)) (as ) [f] + &) (s l) + ) (Exp(Ba(r)))ter ol
(2.3)
Again in view of Definition 3 we get for a sequence of values of r tending to
infinity that

exp(as (exp(Tr(B " (B2(r))))) = (0(ar ) [f] = €)(exp(Ba(r)))Perevlf (2.4)

Now from (2.3) and (2.4), it follows for a sequence of values of r tending to
infinity that

ay(exp(Ty)(r)))
exp(ai (exp(Tr (81 (B2(r))))))
(1+o(1)(p(ar,p0) Lf] + €)(0(as,8) 9] + 5)(exp(&(?ﬂ)))p(alﬁl)[ﬂ
- (U(a1,61)[f] - 5)(exp(ﬁ2(r)))/)(a1,51>[f] .

Since (> 0) is arbitrary, it follows from above that

lim inf 1 (exp(Ty(o) (1)) < Plars)lf] - Oaaa)l9]
=400 exp(oq(exp(Tf(Bl_l(/Bg(r)))))) - (o)L f]
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Remark 12. In Theorem 4, if we replace the conditions “v(a,p,)[g] < 0o” and
D < 0o plf] <007 by Tlagplg] < 00” and 0 < Gay g f] < 007 respectively
and other conditions remain same, then Theorem 4 remains valid with ‘G (a, g,)[g]”
and G, g f]7 instead of “0(ayp)l9]” and ‘o, g f] 7 respectively.

Remark 13. In Theorem 4, if we replace the conditions ‘0 < p, alf] < 00”
and 0 < 0@ pylfl <00 7 by 0 < Aoy gylf] < panpylf] < oo 7 and 0 <
T(anp)f] < 00”7 respectively and other conditions remain same, then Theorem
4 remains valid with ‘N, sylf] 7 and “Ga, ) f]7 instead of “pa, plf]” and
“Oar,p)f]7 respectively.

Remark 14. In Theorem 4, if we replace the condition ‘0 < o(a,g,)[f] < 00”
by 0 < Tlay,)[f] < 00” and other conditions remain same, then Theorem 4
remains valid with “limit superior” and “G(a, g,)[f]” instead of “limit inferior” and
o,y f]7 respectively.

Now using the concept of generalized upper weak type (o, 3), we may state
the following theorem without its proof since it can be carried out in the line of
Theorem 4.

Theorem 5. Let f be meromorphic and g be an entire function such that (i)

0 < AMaw)lf] < praa,sn[f] < 00, (i8) Marpnlf] = Aanlgl (#60) Ty, l9] < 00
and (iv) 0 < T(a, ) f] < 0o where Bi(r) < exp(as(r)). Then

lim inf Qi (eXp(Tf(g)<T))) < Pa1,81) [f] " T (az,82) [g] ‘
r=+o0 exp(an (exp(Tr (81 ' (B2(1)))))) ~ T(a1.60) /]

Remark 15. In Theorem 5, if we replace the conditions “T(a,p,)[g] < 00” and
D < Tlaplf] <007 by “Tiag,p)lg] < 00”7 and 0 < T(a, p)[f] < 007 respectively
and other conditions remain same, then Theorem 5 remains valid with “r(a, s,)[9]
7and “Tia, g f]7 instead of “Tiayp)9]” and “T(a, p)[f]” respectively.

Remark 16. In Theorem &, if we replace the conditions 0 < A, g)lf] <
Plarpylfl < 00” and 0 < T, pylf] < 00” by O < Nayglf] < 0o 7 and
0 < Tanplf] < 007 respectively and other conditions remain same, then The-
orem 5 remains valid with ‘N, syf]7 and “ra, gyl f]7 instead of “pa, plf] ”
and “T(a, p)[f]7 respectively.

Remark 17. In Theorem 5, if we replace the condition 0 < T4, s)[f] < 00”
by 0 < T(ay,p)f] < 00 7 and other conditions remain same, then Theorem 5 re-
mains valid with “limit superior” and “r(q, s f]” instead of “limit inferior” and
“Tar,p) f]7 respectively.

”

Remark 18. In Theorem 5, if we replace the conditions “Na, g,)[f] = Nas,82)l9]
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and ‘7(042,52)[9] < o00” by O‘(m,ﬁﬁ)[f] = 10(0427/32)[9] " and 410(062752)[9] < 007 respectively

and other conditions remain same, then Theorem 5 remains valid with “c(a, g,)[g]”
”

instead of “T(ay,p)[9]”.

Remark 19. In Theorem 5, if we replace the conditions ‘0 < Aa,g)[f] <

p(al,ﬁl)[ﬂ < OO”; “>\(Ctl7ﬁl)[f] = A(az,ﬁ2)[g] 7and 0 < ?(alvﬁl)[f] <07 by <
p(al,ﬁl)[f] < 007, “p(al,ﬁl)[f] = )‘(a2,52)[9] Tand 0 < 0(01’51)[]0] < 00 respectively
and other conditions remain same, then Theorem 5 remains valid with “o(a, g,)[f]”
instead of “T(a, ) f]"-

Remark 20. In Theorem 5, if we replace the conditions ‘N, g)[f] = Nas,2)[9] 7
Tlaz) 9] <007 and O < T(ay 6 [f] < 00 7 by Ny o) [f] = Plassn) 9] Tas,p:)[9]
< 00” and 0 < T(a, g f] < 00 7 respectively and other conditions remain same,
then Theorem 5 remains valid with G, g,)(g]” and “Tia, [ f]7 instead of “T(a,,p.)9]

Tand T(a, ) 117

Remark 21. In Theorem &, if we replace the conditions 0 < A, g)[f] <

p(al,ﬁl)[f] <007, “)\(alzﬁl)[f] = )‘(02,52)[9] 7, {?(02,52)[9] < oo’ and 0 < F(041,51)[f] <
oo " by 0 < p(al,ﬂl)[f] <00 7, “p(alaﬂl)[f] = )‘(az,ﬁz)[g] 7, “7—(0(2,52)[9] < oo 7 and
D < Tay,p)lf] < 00” respectively and other condition remains same, then Theo-
rem 5 remains valid with “T(a, 8,)9]” and ‘G, g [f] 7 instead of “Tayp,)lg]” and

Ton o) f]7-
Remark 22. In Theorem 5, if we replace the conditions “Na, s\ f] = Aas,2)[9]7,

“?(042752)[9] < o0’ and 0 < ?(0417/31)[f] < o0 7 by (‘)\(alyﬁl)[-f] = p(a2,ﬁ2)[g] 7, “U(O%ﬁz)[g]
< oo "and 0 < T(a,,p)[f] < 00” respectively and other conditions remain same,
then

lim inf al(eXp(Tf(g) (T))) < )\(O‘lwgl)[f] ) 0(02,52)[9]
r=o0 exp(as (exp(Ty (B (B2(r)))) ~ T(a,01) ] '

Remark 23. Remark 22 remains also valid with “limit superior” instead of “limit
inferior”.

Remark 24. In Remark 22, if we replace the conditions 0 < Aa,p)[f] <

p(alyﬁl)[-f] < OO”’ “A(al,ﬁl)[f] - p(a27/32)[g] ”7 “O-(a2752)[g] < oo 7and 0 < T(m,&)[f] <
oo’ by 0 < )‘(alﬁl)[f] < 007, “p(al,ﬁl)[f] = )‘(042,52)[9] 7, ‘?(az,ﬁz)[g] < 007 and
0 < Taypnlf] < 007 respectively and other condition remains same, then con-
clusion of Remark 22 remains valid with “T(a, 8,)[9]” and “G(a, gl f]7 instead of

Tlas)[9]” and “Tiay 5)[f]”

Remark 25. In Remark 22, if we replace the conditions 0 < A, p)[f] <
Plaranf] <007, Narg)[f] = Plassn)[9]7; “Olaz,plg] <00 7 and 0 < 7a,)[f] <

”»

00” by 0 < p(ahﬁl)[f] < OO”’ “p(al,/ﬁl)[f] = )‘(042,52)[9] ) “?(012,52)[9] < oo’ and
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0 < T(ay,8)[f] < 007 respectively and other condition remains same, then

lim sup 4 <eXp(Tf(g)(r))) < P(ai,pr) [f] " T (a2,8) [g] .
rtoo exp(ai (exp(Ty (81 (B2(r)))))) ~ (1) L]
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