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1. Introduction
We begin by recalling some standard notations and terminology. Let a and ¢
be complex numbers with |g| < 1. Then the ¢- shifted factorial is defined by

o0

(a;q)o =1, (a;9)n = (1=a)(1=ag)...(1—ag"™"), n € N and (a;¢)o = [ [(1—aq").

Also, for the sake of brevity, we often write
(a1, a9, ...;ar; @) = (a1; Q)n(a2; Q)n-.-(ar; Q)n-

The basic ¢- hypergeometric series is defined by

A1, A2, ey Ay G5 2 - (ar,ag, ..., a; q)n2" n n(n—1)/2 1+s="
7"@8 = -
bl,bg,...,bs :| Z (q,bl,bg,...,bs;Q)n {< ) 1 }

n=0
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In an attempt to clarify Rogers second proof of the Rogers-Ramanujan identities
Bailey [4] made the following simple but very useful observation,

if

Bn = Z A Up—rUndr (11>
r=0
and
Yn = Z 6r+nurvr+2n (12)
r=0

then under suitable convergence conditions,

n=0 n=0

where u,, v,, o, and J, are arbitrary chosen sequences of r alone.

Above statement (1.1) — (1.3) is called Bailey lemma or Bailey transform. In order
to apply above transform, Bailey chose u, = (qiz)r and v, = m and converted
the transform as,

if

Bu=Y" o (1.4)

r=0 <q7 Q)nfr(&q; Q)nJrr

and

=3 (15)

“—(4:0)r(ag; @) 120

then under suitable convergence conditions

n=0 n=0

where «,, and (,, are arbitrary chosen sequences of r alone.

The sequence (o, B,) is called Bailey pair where as sequence (v,,d,) is called
conjugate Bailey pair. Andrews [2, 3] generalized the concept of Bailey Pair and
conjugate Bailey Pair by defining WP Bailey Pair and WP Conjugate Bailey pair
as,

if

fula k) =3 U/ Qv (K Do 1y (L.7)

— (G On—r(q; Oy



WP Bailey Pairs and Double Series Identities 71

and

(@ k) = U/ 0o (B; @rsons gy (1.8)

—~ (q;9)r(ag; @)r12n

then under suitable convergence conditions

Zanak%ak Zﬂnak k) (1.9)

n=0

A pair of sequences (ay,(a, k), Bn(a, k)) satisfying (1.7) is called WP Bailey Pair
and a pair of sequences (7, (a, k), d,(a, k)) satistfying (1.8) is called WP Conjugate
Bailey Pair.

Now, putting the value of 5, (a, k) from (1.7) in (1.9), we get

Z(s Z (/s @K Dsr gy 3 anla, kyyala k) (1.10)

— (¢ @)n—r(ag; Dotr

Applying the following rearrangement technique

ZA r,n) = ZZA(T,TL+T)
[6; (2.1.1), p. 100] in (1.10), we finally get
ZZ&W k/“ Dl Dutar - gy = 3 anlak)yalak) (111

n=0 71—0 q Q)n(a%(ﬁn-ﬂr n—0

where a,(a, k), v,(a, k) and 9, (a, k) are arbitrary sequences.
We shall make use of following summation formulas in our analysis

.y b; q) oo
,®, a, b; g; C/CLb _ M, where ’c/ab| < 1. (112)
& (Ca C/ab; Q)oo

[5, App. II (IL.8)]

20y | @ by q;c/ab _ (cq/a, cq/b; @)oo [ ab(l+ c) — c(a+b) , where |c/ab| < 1.
cq (Cq7 CQ/ab; Q)oo ab—c

(1.13)
(7, (1.4), p. 77]
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a2 biqqz/b] 1 (42,425 @)oo (aq? /b; ;
2<I>1 2 b - 5 9 1 1 + 1
a*q/ (aq/b,q2 /b;q) (a;¢2)oo (—a;¢2)oo
(1.14)
8, (3.5), p. 74]
where |¢'/2/b| < 1.
" { a2,b: q: g3 /b } 1 (@29 [ (ag2/biq% ) (g2 /biq)n
a*q/b 2a (a2q/b, q7 /b; q) o (4547 ) oo (—a;07) |
(1.15)
8, (3.6), p. 75]

where |¢*?/b| < 1.

Theorem 1.1. Choosing d,(a, k) = (%) in (1.8) and using the summation
formula (1.12), we get

(@®q/k,aq/k; D)o (ki @20, 5 1on
(aq,a’q/k* @) (a?q/K;q)2n (a”q/k7) (1.16)

Putting these values of v, (a, k) and 6,(a, k) in (1.11), we get

f}/n(aa k) =

Z (k/a; q)n(k; @)nior (a2q/]€2)”+rar(a, k)

(¢; O)n(aq; @Q)nsor

_ (ag/k,a*q/k; q o o (K5 9) an (a®q/k*)"an(a, k)
~ (aq,a2q/k?;q Z (a2q/k;q)an (1.17)

where a,(a, k) is an arbitrary sequence.

Theorem 1.2. Choosing 0,(a, k) = (Z—z)r in (1.8) and using the summation
formula (1.13), we get

_ (a2q/k,aq/k;q)oo k (k3 q)2n a2a k2" ag?™
(0, k) = (aq, a?q/ k% @)oo k‘+a(a2q/l€;q)2n( a/k)" (1 +aq™) (1.18)

Putting these values of v, (a, k) and 6,(a, k) in (1.11), we get

- (k/a7q>n(k7q)n+27“ 2 /1.2 \n+r
2 (@ On(aq; Qnyor (@ /K5 0 (0, F)

n,r=0
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_ (ag/k,a*a/k;@)es kG (K3 @)an(1+ ag?™) (@2 /F)"an(a, )
~ (aq, a2q/k% @) k—HL; (@q/k; 4)om (1.19)

where ay,(a, k) is an arbitrary sequence.

Theorem 1.3. Choosing 6,(a, k) = (%) in (1.8) and using the summation
formula (1.14), we get

1 (k¢ @) 12
_ k n
2 (aq,aq?/k; ) (ag /)

(aql/Q/k1/2; ql/Q)oo(kl/Q; q1/2)n (—aq1/2/k1/2; q1/2)m(_k1/2; q1/2)n (1 20)
(K125 ¢12) 0o (ag 2 JKV2 1 2) 0 (—KY261 %) oo (—agq 2 /K12 1), '

Yu(a, k) =

Putting these values of v, (a, k) and 6,(a, k) in (1.11), we get

o0

)oo (q%k%ﬂ]é)n a%k"a ak
2 Cagh b ghy, W /D enles )

1 (k%0 (ag?/k3;q3
2 (aq,aq? /k; @)oo (47K7;97)oc

1 k 3 0o 2 ]{;2 2 )oo 2k2 %n 5
L bk (cag/kigd) Z ~ERLED (gt by o b

2(aq,aq? /k; @)oo (—q2k2;q2)0e “= (—aq? /k7;q2),
_ 1/2 n+r (k/a Q) (k Q)n—l—Qr
aq’'"/k a(a,k 1.21
Z /k) (¢ Onlaq; Qnyar (a,k) (1.21)

n,r=0
where ay,(a, k) is an arbitrary sequence.

<M> in (1.8) and using the summation

Theorem 1.4. Choosing i,(a, k) = ( *

formula (1.15), we get

1 (k> q1/2; Q>oo 1/2
k n
2k1/2 (aq,aq'? /k; @)oo (ag /)

'Vn(aa k) =

(K125 1) 0o (ag 2 JRV2 g1 2) 0 (=YY% g1 2) o (—aqh /2 [KY2; ¢1/2),
Putting these values of y,(a, k) and §,(a, k) in (1.11), we get

{ (ag 2 /K2 12 (K2 q12), (—ag2 kM2 g 2) o (— kY2, ql/z)n} (1.22)

L (ka9 (aqé/ké;qé)wi (K55m0t v (0B
262 (aq,aq7 [k @)ee (K7307)ee 5= (aq? [K25q7),
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1 (kaq%QQ)oo (_aq%/kj%'q%)oo i (_k%§q%)n (aq%/k)”oé (CL ]{2)
2 )00 n=0 <_aq§/k§7q )n

_ S ad!? n+r(k/a§Q)n(k;CI)n+2rQ a
= 2 (/b (¢ O)n(aq; @niar r(a.k) (1.23)

N[

n,r=0
where a,(a, k) is an arbitrary sequence.

2. Special Cases of Theorems (1.1) - (1.4)
Taking o, (a, k) =1 in (1.17), we find

i (59), (K @)nyar (aQq)W _ G z;q>°° i ki 5_2>n (2.1)

(¢; O)n(aq; Qnrar \ k2

n,r=0

As k — o0, (2.1) yields

0 (n+r)24r2 2T 1

q _
2 ( - (ag; @)

0 (@ (G Dnyar

3
||M8
o
L=
[N}
3
[ V)
o
[N}
N
~—~
[\
[\
SN—

Taking a = 1 in (2.2), we get

o0 (7’L+'f‘)2+7"2 1

) ( ; - >

(G Dn(G Dnvzr (6000 25

(49 2(¢; @)oo -

n,r=0 ’ )n(q, q)n+2’r‘

[e=]

Applying Jacobi’s triple product identity [5, App. II (II 28)] on the right hand side
of (2.3), we get

i q(n+r)2+r2 _ 1 {1 n (q4.q4) (_q2'q4)2 } (2 4)
(@GOG Onror 2(¢59) o T e

n,r=0
Taking a = ¢ in (2.2), we get

e qn2+2nr+r2+2r+n

1
(6 D@ Dnvzrrr (60

ZqQ’n(n-‘rl) (25)
=0

n,r=0
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Making use of [1, (1.17) p.11] on the right hand side of (2.5), we get

i g 1 (56 (2:6)
0 (G Dl Dnvzrtr (65 Do0 (455600
T k ( k) <%;q)2r ( k2 )T qu . (1 17) ﬁ d
aking a,.(a, k) = —= | — in (1.17), we fin
° ki) \@a) (@507,
a2 a
i (%1q), (ki q)nsor (Tq;q)% (@) s (f,%q)w SN
520 (@G On0q Onsar(ki@)2e \ K ) (%5 0")r (aq7 o ,q> = (a5¢Y)n
(2.7)
Using [1,(3.14) p.86] and [1,(3.2.1) p.87], we have
a a2
Rt (q;Q)n(aq,q ntar( k qQ)2r (aq, %;q> (@, 646 )n
),
k

((ﬂ q ]{}2 qn2+n
Again, choosing oy, (a, k) = ——== <—> in (1.17), we find
(@) i @)2n \@?) (¢%qY)n (1.17)

—~
T

k. . a’q. aq a?q. -
= (g,Q)n(k, Dn2r <TQ7Q>2T <a2q)" g B (f,Tq,q)oo g
(

2 (@ Dn(aq; Dnszr (ki @)2e \ K> ) (a*5¢%)r <aq,%;q> = (a4

n,r=0

_ (ag/k,a®q/k;0)s0 (450" 2.9)
(ag, a*q/k?* @)os (6*,6% ¢°)oc '

For a = k, (2.8) yields

Z _ (@) (2.10)
- (¢ 4% %)

Similarly, if we take a = k in (2.9), we get
i qT +2T _ (q q ) (211)

(2,3 4Y

r=
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Choosing ay,(a, k) = o @0 in (1.17), we get

i (k/a;Q)n(k§Q)n+2r( o R (a®q/k; q)sr  (aq/k,a’q/k; q o Z (a q/k:2 n

(¢; O)n(aq; Qntor (k;q@)or(q;:q)r  (aq,a2q/k?;q

n,r=0

(ag/k,aq/k; q)oo 1

= 2.12
(aq, a®q/k?* ) (a®q/k?; q)oo (2.12)
Choosing «a,,(a, k) = 1 in (1.19), we have
— (k/a; @)n(k: @)nsar 0 ,
D ) (gl (@R (0 R
= (@G D)n(ag; @nar
2 . OO . 2 /1.2\n 2n
_ (ag/k,a’q/k; @) K 3 (k; @)an(a®/K)" (1 + ag™) (2.13)
(ag, a*q/k* @) k +a £ (aq/k; @)2n
As k — o0, (2.13) becomes
Z q(n+r —n—r+r? qnt2r 1 i n(2n—1) 2n(1+ 2n) (2 14)
= q a aq ,
et w00 Onvar (0G5 @) 2=
Taking a = 1 in (2.14), we find
o (n+r)2—n—r+r? 1 0
q 2n2—n 2n
= q I+gq
H;O (@ Dl Dnror (60 ;) ( )
- 2n —-n 2n2+n)
:o
1 4. 4 o(—q; wo(— 3. 4 -
_ +(q,Q) (= 4") (0% ¢") (2.15)
(4 @)oo (4 @)oo

Similar other results can be deduced from other theorems too.
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