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1. Introduction
We begin by recalling some standard notations and terminology. Let a and q

be complex numbers with |q| < 1. Then the q- shifted factorial is defined by

(a; q)0 = 1, (a; q)n = (1−a)(1−aq)...(1−aqn−1), n ∈ N and (a; q)∞ =
∞∏
r=0

(1−aqr).

Also, for the sake of brevity, we often write

(a1, a2, ..., ar; q)n = (a1; q)n(a2; q)n...(ar; q)n.

The basic q- hypergeometric series is defined by

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=
∞∑
n=0

(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n

{
(−)nqn(n−1)/2

}1+s−r
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In an attempt to clarify Rogers second proof of the Rogers-Ramanujan identities
Bailey [4] made the following simple but very useful observation,
if

βn =
n∑

r=0

αrun−rvn+r (1.1)

and

γn =
∞∑
r=0

δr+nurvr+2n (1.2)

then under suitable convergence conditions,

∞∑
n=0

αnγn =
∞∑
n=0

βnδn (1.3)

where ur, vr, αr and δr are arbitrary chosen sequences of r alone.
Above statement (1.1) – (1.3) is called Bailey lemma or Bailey transform. In order
to apply above transform, Bailey chose ur = 1

(q;q)r
and vr = 1

(aq;q)r
and converted

the transform as,
if

βn =
n∑

r=0

αr

(q; q)n−r(aq; q)n+r

(1.4)

and

γn =
∞∑
r=0

δr+n

(q; q)r(aq; q)r+2n

(1.5)

then under suitable convergence conditions

∞∑
n=0

αnγn =
∞∑
n=0

βnδn (1.6)

where αn and βn are arbitrary chosen sequences of r alone.
The sequence 〈αn, βn〉 is called Bailey pair where as sequence 〈γn, δn〉 is called
conjugate Bailey pair. Andrews [2, 3] generalized the concept of Bailey Pair and
conjugate Bailey Pair by defining WP Bailey Pair and WP Conjugate Bailey pair
as,
if

βn(a, k) =
n∑

r=0

(k/a; q)n−r(k; q)n+r

(q; q)n−r(aq; q)n+r

αr(a, k) (1.7)
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and

γn(a, k) =
n∑

r=0

(k/a; q)r(k; q)r+2n

(q; q)r(aq; q)r+2n

δr+n(a, k) (1.8)

then under suitable convergence conditions

∞∑
n=0

αn(a, k)γn(a, k) =
∞∑
n=0

βn(a, k)δn(a, k) (1.9)

A pair of sequences 〈αn(a, k), βn(a, k)〉 satisfying (1.7) is called WP Bailey Pair
and a pair of sequences 〈γn(a, k), δn(a, k)〉 satisfying (1.8) is called WP Conjugate
Bailey Pair.
Now, putting the value of βn(a, k) from (1.7) in (1.9), we get

∞∑
n=0

δn(a, k)
n∑

r=0

(k/a; q)n−r(k; q)n+r

(q; q)n−r(aq; q)n+r

αr(a, k) =
∞∑
n=0

αn(a, k)γn(a, k) (1.10)

Applying the following rearrangement technique

∞∑
n=0

A(r, n) =
∞∑
n=0

∞∑
r=0

A(r, n+ r)

[6; (2.1.1), p. 100] in (1.10), we finally get

∞∑
n=0

∞∑
r=0

δn+r(a, k)
(k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

αr(a, k) =
∞∑
n=0

αn(a, k)γn(a, k) (1.11)

where αn(a, k), γn(a, k) and δn(a, k) are arbitrary sequences.
We shall make use of following summation formulas in our analysis

2Φ1

[
a, b; q; c/ab
c

]
=

(c/a, c/b; q)∞
(c, c/ab; q)∞

, where |c/ab| < 1. (1.12)

[5, App. II (II.8)]

2Φ1

[
a, b; q; c/ab
cq

]
=

(cq/a, cq/b; q)∞
(cq, cq/ab; q)∞

{
ab(1 + c)− c(a+ b)

ab− c

}
, where |c/ab| < 1.

(1.13)

[7, (1.4), p. 77]
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2Φ1

[
a2, b; q; q

1
2/b

a2q/b

]
=

1

2

(a2, q
1
2 ; q)∞

(a2q/b, q
1
2/b; q)∞

{
(aq

1
2/b; q

1
2 )∞

(a; q
1
2 )∞

+
(−aq 1

2/b; q
1
2 )∞

(−a; q
1
2 )∞

}
,

(1.14)

[8, (3.5), p. 74]

where |q1/2/b| < 1.

2Φ1

[
a2, b; q; q

3
2/b

a2q/b

]
=

1

2a

(a2, q
1
2 ; q)∞

(a2q/b, q
1
2/b; q)∞

{
(aq

1
2/b; q

1
2 )∞

(a; q
1
2 )∞

− (−aq 1
2/b; q

1
2 )∞

(−a; q
1
2 )∞

}
,

(1.15)

[8, (3.6), p. 75]

where |q3/2/b| < 1.

Theorem 1.1. Choosing δr(a, k) =
(

a2q
k2

)r
in (1.8) and using the summation

formula (1.12), we get

γn(a, k) =
(a2q/k, aq/k; q)∞
(aq, a2q/k2; q)∞

(k; q)2n
(a2q/k; q)2n

(a2q/k2)n (1.16)

Putting these values of γn(a, k) and δr(a, k) in (1.11), we get

∞∑
n,r=0

(k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

(a2q/k2)n+rαr(a, k)

=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

∞∑
n=0

(k; q)2n(a2q/k2)nαn(a, k)

(a2q/k; q)2n
(1.17)

where αn(a, k) is an arbitrary sequence.

Theorem 1.2. Choosing δr(a, k) =
(

a2

k2

)r
in (1.8) and using the summation

formula (1.13), we get

γn(a, k) =
(a2q/k, aq/k; q)∞
(aq, a2q/k2; q)∞

k

k + a

(k; q)2n
(a2q/k; q)2n

(a2q/k2)n(1 + aq2n) (1.18)

Putting these values of γn(a, k) and δr(a, k) in (1.11), we get

∞∑
n,r=0

(k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

(a2/k2)n+rαr(a, k)
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=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

k

k + a

∞∑
n=0

(k; q)2n(1 + aq2n)(a2/k2)nαn(a, k)

(a2q/k; q)2n
(1.19)

where αn(a, k) is an arbitrary sequence.

Theorem 1.3. Choosing δr(a, k) =
(

aq1/2

k

)r
in (1.8) and using the summation

formula (1.14), we get

γn(a, k) =
1

2

(k, q1/2; q)∞
(aq, aq1/2/k; q)∞

(aq1/2/k)n

×
{

(aq1/2/k1/2; q1/2)∞(k1/2; q1/2)n
(k1/2; q1/2)∞(aq1/2/k1/2; q1/2)n

+
(−aq1/2/k1/2; q1/2)∞(−k1/2; q1/2)n
(−k1/2; q1/2)∞(−aq1/2/k1/2; q1/2)n

}
(1.20)

Putting these values of γn(a, k) and δr(a, k) in (1.11), we get

1

2

(k, q
1
2 ; q)∞

(aq, aq
1
2/k; q)∞

(aq
1
2/k

1
2 ; q

1
2 )∞

(q
1
2k

1
2 ; q

1
2 )∞

∞∑
n=0

(q
1
2k

1
2 ; q

1
2 )n

(aq
1
2/k

1
2 ; q

1
2 )n

(aq
1
2/k)nαn(a, k)

+
1

2

(k, q
1
2 ; q)∞

(aq, aq
1
2/k; q)∞

(−aq 1
2/k

1
2 ; q

1
2 )∞

(−q 1
2k

1
2 ; q

1
2 )∞

∞∑
n=0

(−q 1
2k

1
2 ; q

1
2 )n

(−aq 1
2/k

1
2 ; q

1
2 )n

(aq
1
2/k)nαn(a, k)

=
∞∑

n,r=0

(aq1/2/k)n+r (k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

αr(a, k) (1.21)

where αn(a, k) is an arbitrary sequence.

Theorem 1.4. Choosing δr(a, k) =
(

aq3/2

k

)r
in (1.8) and using the summation

formula (1.15), we get

γn(a, k) =
1

2k1/2
(k, q1/2; q)∞

(aq, aq1/2/k; q)∞
(aq1/2/k)n

×
{

(aq1/2/k1/2; q1/2)∞(k1/2; q1/2)n
(k1/2; q1/2)∞(aq1/2/k1/2; q1/2)n

− (−aq1/2/k1/2; q1/2)∞(−k1/2; q1/2)n
(−k1/2; q1/2)∞(−aq1/2/k1/2; q1/2)n

}
(1.22)

Putting these values of γn(a, k) and δr(a, k) in (1.11), we get

1

2k1/2
(k, q

1
2 ; q)∞

(aq, aq
1
2/k; q)∞

(aq
1
2/k

1
2 ; q

1
2 )∞

(k
1
2 ; q

1
2 )∞

∞∑
n=0

(k
1
2 ; q

1
2 )n

(aq
1
2/k

1
2 ; q

1
2 )n

(aq
1
2/k)nαn(a, k)
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− 1

2k1/2
(k, q

1
2 ; q)∞

(aq, aq
1
2/k; q)∞

(−aq 1
2/k

1
2 ; q

1
2 )∞

(−k 1
2 ; q

1
2 )∞

∞∑
n=0

(−k 1
2 ; q

1
2 )n

(−aq 1
2/k

1
2 ; q

1
2 )n

(aq
1
2/k)nαn(a, k)

=
∞∑

n,r=0

(aq3/2/k)n+r (k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

αr(a, k) (1.23)

where αn(a, k) is an arbitrary sequence.

2. Special Cases of Theorems (1.1) - (1.4)
Taking αn(a, k) = 1 in (1.17), we find

∞∑
n,r=0

(
k
a
; q
)
n

(k; q)n+2r

(q; q)n(aq; q)n+2r

(
a2q

k2

)n+r

=

(
aq
k
, a

2q
k

; q
)
∞(

aq, a
2q
k2

; q
)
∞

∞∑
n=0

(k; q)2n

(
a2q
k2

)n(
a2q
k

; q
)
2n

(2.1)

As k →∞, (2.1) yields

∞∑
n,r=0

q(n+r)2+r2an+2r

(q; q)n(aq; q)n+2r

=
1

(aq; q)∞

∞∑
n=0

q2n
2

a2n (2.2)

Taking a = 1 in (2.2), we get

∞∑
n,r=0

q(n+r)2+r2

(q; q)n(q; q)n+2r

=
1

(q; q)∞

∞∑
n=0

q2n
2

⇒
∞∑

n,r=0

q(n+r)2+r2

(q; q)n(q; q)n+2r

=
1

2(q; q)∞

{
1 +

∞∑
n=−∞

q2n
2

}
(2.3)

Applying Jacobi’s triple product identity [5, App. II (II 28)] on the right hand side
of (2.3), we get

∞∑
n,r=0

q(n+r)2+r2

(q; q)n(q; q)n+2r

=
1

2(q; q)∞

{
1 + (q4; q4)∞(−q2; q4)2∞

}
(2.4)

Taking a = q in (2.2), we get

∞∑
n,r=0

qn
2+2nr+r2+2r+n

(q; q)n(q; q)n+2r+1

=
1

(q; q)∞

∞∑
n=0

q2n(n+1) (2.5)
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Making use of [1, (1.17) p.11] on the right hand side of (2.5), we get

∞∑
n,r=0

q(n+r)2+r(r+2)+n

(q; q)n(q; q)n+2r+1

=
1

(q; q)∞

(q8; q8)∞
(q4; q4)∞

(2.6)

Taking αr(a, k) =

(
a2q
k

; q
)
2r

(k; q)2r

(
k2

a2q

)r
qr

2

(q4; q4)r
in (1.17), we find

∞∑
n,r=0

(
k
a
; q
)
n

(k; q)n+2r

(
a2q
k

; q
)
2r

(q; q)n(aq; q)n+2r(k; q)2r

(
a2q

k2

)
qr

2

(q4; q4)r
=

(
aq
k
, a

2q
k

; q
)
∞(

aq, a
2q
k2

; q
)
∞

∞∑
n=0

qn
2

(q4; q4)n

(2.7)
Using [1,(3.14) p.86] and [1,(3.2.1) p.87], we have

∞∑
n,r=0

(
k
a
; q
)
n

(k; q)n+2r

(
a2q
k

; q
)
2r

(q; q)n(aq; q)n+2r(k; q)2r

(
a2q

k2

)
qr

2

(q4; q4)r
=

(
aq
k
, a

2q
k

; q
)
∞(

aq, a
2q
k2

; q
)
∞

(q2; q4)∞
(q, q4; q5)n

(2.8)

Again, choosing αn(a, k) =

(
a2q
k

; q
)
2n

(k; q)2n

(
k2

a2

)n
qn

2+n

(q4; q4)n
in (1.17), we find

∞∑
n,r=0

(
k
a
; q
)
n

(k; q)n+2r

(
a2q
k

; q
)
2r

(q; q)n(aq; q)n+2r(k; q)2r

(
a2q

k2

)n
qr

2+2r

(q4; q4)r
=

(
aq
k
, a

2q
k

; q
)
∞(

aq, a
2q
k2

; q
)
∞

∞∑
n=0

qn
2+2n

(q4; q4)n

=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

(q2; q4)∞
(q2, q3; q5)∞

(2.9)

For a = k, (2.8) yields
∞∑
r=0

qr
2

(q4; q4)r
=

(q2; q4)∞
(q, q4; q5)∞

(2.10)

Similarly, if we take a = k in (2.9), we get

∞∑
r=0

qr
2+2r

(q4; q4)r
=

(q2; q4)∞
(q2, q3; q4)∞

(2.11)
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Choosing αn(a, k) =

(
a2q
k

; q
)
2n

(k; q)2n

1

(q; q)n
in (1.17), we get

∞∑
n,r=0

(k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

(a2q/k2)n+r (a2q/k; q)2r
(k; q)2r(q; q)r

=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

∞∑
n=0

(a2q/k2)n

(q; q)n

=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

1

(a2q/k2; q)∞
(2.12)

Choosing αn(a, k) = 1 in (1.19), we have

∞∑
n,r=0

(k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

(a2/k2)n(a2/k2)r

=
(aq/k, a2q/k; q)∞
(aq, a2q/k2; q)∞

k

k + a

∞∑
n=0

(k; q)2n(a2/k2)n(1 + aq2n)

(a2q/k; q)2n
(2.13)

As k →∞, (2.13) becomes

∞∑
n,r=0

q(n+r)2−n−r+r2an+2r

(q; q)n(aq; q)n+2r

=
1

(aq; q)∞

∞∑
n=0

qn(2n−1)a2n(1 + aq2n) (2.14)

Taking a = 1 in (2.14), we find

∞∑
n,r=0

q(n+r)2−n−r+r2

(q; q)n(q; q)n+2r

=
1

(q; q)∞

∞∑
n=0

q2n
2−n(1 + q2n)

=
1

(q; q)∞

∞∑
n=0

(q2n
2−n + q2n

2+n)

=
1

(q; q)∞
+

(q4; q4)∞(−q; q4)∞(−q3; q4)∞
(q; q)∞

(2.15)

Similar other results can be deduced from other theorems too.

References

[1] Andrews, G. E. and Berndt, B. C., Ramanujan’s Lost Notebook, Part I,
Springer New York, (2005).



WP Bailey Pairs and Double Series Identities 77

[2] Andrews, G. E., Bailey’s Transform, Lemma, Chains and Tree, Special Func-
tions 2000, Current Perspective and Future Directions (Tempe, AZ), 1-22,
NATO Sci. Ser II Math. Phys. Chem., 30, Kluwer Acad. Publi. Dordrecht,
(2001).

[3] Andrews, G. E. and Berkovich, A., The WP- Bailey Tree and its Implications,
J. London Math. Soc., (2) 66 (2002), no.3, 529-549.

[4] Bailey, W. N., Identities of the Rogers- Ramanujan type, Proc. London Math.
Soc., 50 (1949), 1-10.

[5] Gasper, G. and Rahman, M., Basic Hypergeometric Series, Cambridge Uni-
versity Press, (1991).

[6] Srivastava, H. M. and Manocha, H. L., A Treatise on Generating Functions,
Ellis Harwood, Ltd. Halsted Press, John Wiley and Sons, New York, (1984).

[7] Verma, A., On Identities of Rogers-Ramanujan type, Indian J. Pure Appl.
Math., II (6) (1980), 770 -790.

[8] Verma, A. and Jain, V. K., Certain Summation Formulae for q- series, J.
Indian Math. Soc., 47 (1983), 71 -85.



78 J. of Ramanujan Society of Mathematics and Mathematical Sciences


