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Abstract: In the present paper, we establish the proof of a fixed point result for
ordered Reich type contraction in cone pentagonal metric spaces with the cone
which is not necessarily normal. The obtained results are new and generalize the
results of Reich [17], Auwalu A. [1] and Garg et. al. [7] in ordered cone pentagonal
metric spaces.
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1. Introduction

In literature, the concept of substituting the set of real numbers by ordered
“set” was first given by Kurepa [14]. Zabreiko [18] in 1997 worked on the idea
of Kurepa [14] and introduced K-metric and K-normed spaces in which the set
of real numbers were replaced by an ordered Banach space. Following the work
of Zabreiko [18], in 2007 Huang and Zhang [8] introduced cone metric spaces by
replacing Banach space in usual metric with ordered Banach space and defined
convergence criteria in these new settings with fixed point theorem. After that
several authors([1], [5], [6], [9], [10], [16], [15]) worked on the results of Huang and
Zhang [8]. Branciari [4] introduced rectangular metric spaces in which triangular
inequality is substituted by rectangular inequality and proved Banach contraction
principle in rectangular metric spaces. Azam et. al. [3] followed the concept given
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by Huang and Zhang [8] on rectangular metric spaces and defined cone rectangular
metric space. After that Garg et. al. [7] defined cone pentagonal metric spaces
and established the proof of famous contraction principle named as Banach.

In this sequel, Auwalu A. [2] proved Kannan fixed point theorem in cone pentag-
onal metric spaces. But Reich type mappings and fixed point theorem particularly
for ordered contractions is not proven yet in cone pentagonal metric spaces . In
the present work we extend and generalize the results of Auwalu A. [1Jand Garg
et. al. [7] in ordered cone pentagonal metric spaces by proving a fixed point result
for the Reich type contractions in this new setting. The outcomes of the present
work are the generalization and extension of Kannan [12, 13] and Reich [17].
Now, we recall some definitions from Huang and Zhang [8] which are useful in our
work.

Definition 1.1. [8] Let E be a real Banach space and P C E is a cone if and only

(i) P#0, closed and P # {6}.
(i) ¢,d € R,¢,d >0 and y,z € P implies that cy + dz € P.
(iii) y € P and —y € P implies that y = 0.

For a given cone P which is a subset of F/, we defined a partial ordering < with
respect to P by y X 2z <= 2z —y € P. We could write y < z which implies y < 2
but y # z while y < z will imply z — y € int(P) where the int(P) denotes the
interior of P. If in a cone P there exists a number k > 0 such that for all y,z € E

02y=2z=lyl<k]z]

then P is called normal cone and normal constant of P is the least positive number
k which satisfy the above.

Definition 1.2. [8] Let X be a non-void set and let d : X x X — E be a mapping
such that for all r,s,t € X, fascinate the below settings:

(1) 0 =2 d(r,s) and d(r,s) =0 if and only if r = s;
(ii) d(r,s) =d(s,7);

(iii) d(r,s) 2 d(r,t) +d(t,s).
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Then, the pair (X, d) is said to be cone metric space over Banach space E.
In our paper we consistently suppose that F is a real Banach space, P be a solid
cone and =< be a partial order with respect to P.

Remark 1.1. [11] Let P C E is a cone where d,e, f € P then
(i) d2eande< f, thend < f.

(ii) d<eande < f, thend < f.

(iii) 0 = v < f for each f € P°, then v = 0.

(iv) f e P° andd, — 0, then there exists ng € N such that for all n > ny, implies
d, < f.

(v) d 2 ad where 0 < a < 1, then d = 6.

Definition 1.3. [3] Let X be a non-void set and let dy : X x X — E be a mapping
such that for all r,s € X, fascinate the below settings:

(R1) 6 = dy(r,s) and dy(r,s) = 0 if and only if r = s;
(R2) di(r,s) =di(s,1);

(R3) di(r,s) = di(r,w) + dy(w,t) + di(t,s) for all r,s € X and for all distinct
points w,t € X — {r, s} this is known as rectangular property.

Then, the pair (X, d;) is said to be cone rectangular metric space over Banach
space F.

Definition 1.4. [7] Let X be a non-void set and let n : X x X — E be a mapping
such that for all r,s € X, fascinate the below settings:

(1) 0 2 n(r,s) and n(r,s) =0 if and only if r = s;
(11) 77(7"7 S) = 77(3’ 7“),'

(iii) n(r,s) 2 n(r,t) +n(t,w) +nlw,uw) +n(u,s) for allr,s,t,w,u € X and for
all distinct points t,w,u € X — {r, s} this is known as pentagonal property.

Then, the pair (X, n) is said to be cone pentagonal metric space over Banach
space E.

2. Criteria of convergence [7]
Definition 2.1. Let (X,n) be a cone pentagonal metric space and a sequence
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{um} € X is said to be convergent and converge to w if for every ¢ € E 3 a positive
integer mg such that n(u,,u) < ¢ Ym > mgy. In this case u is said to be the limit
of Up,, denoted by lim,,_o0 Uy, = u.

Definition 2.2. Let (X,n) be a cone pentagonal metric space and a sequence
{um} € X is said to be Cauchy sequence if n(tp, u,) < ¢ , Ym,n > mqy and (X, n)
is called complete cone pentagonal metric space if every Cauchy sequence {u,,}
converges to u € X.

Example 2.1. Let us assume that X = {5,6,7,8,9}, E=R? P = {(r,s) :r,s >
0} (normal cone) in E, Define n : X x X — E by the following :

77(57 7) = 77(77 5) = 77(77 8) = 77(87 7) = 77(67 7) = 77(77 6) = 77(67 8) = 77(87 6) =
77(5’ 8) = 77(8’ 5) = (17 2)
77(57 6) = 77(67 5) = (47 8)
77(57 9) = 77(97 5) = 77(67 9) = 77(97 6) = 77(77 9) = 77( 77) = 77(87 9) = 77(97 8) = (37 6)

Then (X, n) is a cone pentagonal metric space. Since rectangular property absences
here, therefore define metric space is not a cone rectangular metric space that is,

(4,8) =n(5,6) > n(5,7) +n(7,8) +n(8,6) = (1,2) + (1,2) + (1,2) = (3,6)

as (4,8) — (3,6) = (1,2) € P.

Definition 2.3. An ordered cone pentagonal metric space is denoted by (X, Z,n)
where (X,n) is a cone pentagonal metric space , X # O equipped with partial order
" C 7. Let us assume that R be a self map on X with R is non-decreasing and
" C7 4s partial order, if for each u,v € X, u C v if and only if Ru C Rwv.

R is ordered Banach type contraction on (X,C,n) if for all u,v € X with u C v,
there exists o € [0,1) such that

n(Ru, Rv) = an(u,v) (1)

R is ordered Kannan type contraction on (X,C,n) if for all u,v € X with u C v,
there exists o € [0, 1) such that

n(Ru, Rv) < aln(u, Ru) + (v, Rv)] (2)

R is ordered Reich type contraction on (X,C,n) if for all u,v € X with u C v,
there exists o, 3,y € [0,1) such that « + 5+ < 1 and

n(Ru, Rv) < an(u,v) + Bn(u, Ru) +n(v, Rv) (3)
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One may notice here that on putting 5 = v = 0 and a = 0, § = ~ Reich type
contraction can be turn into Banach and Kannan type contractions respectively.

Definition 2.4. Let (X,C,n) be an ordered cone pentagonal metric space and B
be the non-empty subset of X is said to be well ordered if ¥V u,v € B are comparable
with respect to partial order C.

3. Main Results
Theorem 3.1. Let us assume that (X, =, n) be an ordered cone pentagonal metric
space and R : X — X be a self map on X which satisfies the given settings

(i) R is an ordered Reich type contraction.

(ii) there ezists ug € X such that ug C Rug;

(iii) R is nondecreasing with respect to C;

(iv) If{un} is a nondecreasing sequence in X, converging to some w,then u, C w.

Then R has a unique fized point. Moreover, the set of fized points of R is well
ordered if and only if fived point of R is unique.

Proof. Let us take the iterative sequence {u,} for given ug. Since by (ii) ug € X
such that ug & Rug. Now set Rug = wuy, this implies that uyg C u;. Again by
(iii) we get Rup C Ruy. Now assume Ru; = uy. By proceeding like this, we get
nondecreasing sequence {u,} such that

up Cu ... Cup CEupyy C . and upyy = Ruy, Vo > 0.

Here one may notice that if u,,; = u, for any n implies that u, become a fixed
point of R so always suppose u, 11 # u, Vn > 0.
Since u, C uy41, for any n > 0, from (i) we have

n(umun—i-l) = U(Run_l,Run)

= an(Un_1, un) + Bn(typ—1, Run_1) + y0(tn, Ruy,)
= an(un—lv un) + 577(Un—1, un) + '777(um un-l—l)
a+p
n(unaunJrl) j 1 — /_yn(unflvun%
a+p

i.e., n, < A\n,_1, where \ = . and 1, = 1n(uy,, Upy1)-

Repeating above process, we get

M 2 A" Vn > 1. (4)
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We now show that wug is not a periodic point of R. If ug = u, for any n > 2, then
from (4), we obtained

n(uo, Rug) = 1(tn, Run) = 0(tn, Uni1)
= nn
=< A"n,.

Since \ = 016——’_/3 < 1 (since a + B + v < 1), then above inequality gives, 1y = 6,

i.e.,n(ug, Rug) = 0. So that uy become the fixed point of R. Therefore we can
assume that wu, # u,, V distinct n,m € N.
Now since u,, C u, o therefore by (i) and (4)

N(tn, tni2) = 1(Rtin-1, Ritns1)

= an(Un—1,Uny1) + Bn(Un_1, Rty 1) + y0(tny1, Rini1)
= an(Un—1, Unt1) + BN(Un—1, Un) + Y1(Un 1, Uny2)
= an(un—1, Un) + (U, Unta) + N(Unta; Uniz) + 7 (Uni3, Ungr)]
+ Bn(un—1,un) + Y0 (Uns1, Uns2)
aNn—1 + N(Un, Uny2) + Motz + Dos1] + Bla—1 + Ynta
= (a4 B)n—1 + an(tn, unt2) + (@ + V) Nnt1 + g
= (a+ B) 1+ (a+ )N Tng + aX 20y + an(uy,, o)
(1= a)n(un, unya) = (a4 BN g + (@ +5)A" i + aX g
= ((a+ B) + (a+7)X +aX’)X g
2 3
Dt 0 12) < (a+B)+ (1a_+afy)A + aX R
S0,
N (Un, Unga) = A" TnoVn > 1,
where = (a+ )+ (ot 7)>\2 +aX’ > 0.

-«
Now consider two cases for the sequence {u,,}.
Case 1. Let if p = 2m+1 (an odd number), then by pentagonal property and (4),

N(Uns Unt1) + MU, Unt2) + 0(Uns2, Unts) + 7(Unts, Unt2m1)
n(una un-i-l) + n(un+17 un+2) + U(Un+27 un+3) +-

n(un+2m—17 Un+2m) + n(un+2ma un+2m+1)

)\nno + )\n+1n0 4 )\n+2770 S )\n+2m71770 + )\n+2mn0

(14 X4+ A2 N2 A2 Ny

n (un ’ un+2m+1)

L TA 4+ T TA
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which implies that,

)\TL
=< .
n(una un+2m+1) - 71_ )\710 (5)

Case 2. Let if p = 2m (an even number) here m > 2, then by pentagonal property,

N(Un, Unt2) + 0(Unt2; Unts) + D(Unyz, Unra) + 0(Unta, Uniom)
N(Uns Unt2) + 0 (Unt2, Unis) + D(Unys; Unga) + - -

N(Unt2m—2, Un+2m—1) + N (Unt2m—1, Un+2m)

N(Un, Unt2) + Mnt2 + Mgz + -+ Dnyom—2 + Tntam—1
’u)\n—lno 4 )\n+2no et )\n+2m—2,,70 + )\n+2m—1n0

pA g+ [AE A AT NPT,

77(um un+2M)

+ 1A 1A

A

S0,

n

1—A

77(Un> un—i—Zm) j To + [L)\n_ln(). (6)

As u>0,0 < X <1, it follows that /\770 — 0, u\"" 'y — 0, therefore from (i)
and (iv) of remark 1.1, it follows that for every ¢ € F such that § < ¢, 3nyg € N
with 1(un, Uniom) < ¢ N(Un, Upromr1) < ¢V n > ng. Hence {u,} is a Cauchy
sequence in X. Since completeness of X = 3 k € X such that

Uiy, —ootn = liMy— oo RUp_1 = k.
Now to prove k is a fixed point of R. By (iv), we obtain w, C k, thus, by (i)

n(Ru,—1, Rk)
n(uy,, Rk)

on(un—1, k) + Bn(tn_1, Run_1) + yn(k, RE)
O‘n(un 1 ) + 577(%71, un) + 7[77(]{7 un+1) + 77(”n+1, Un+2)
N(Unt2, Un) + 1(Un, Rk)]
k) + Bnp—1 4+ yn(k, wng1) + V0 + Vs

A+ A TA

(1 = )n(un, RE)

an(u,—1,

By (4) and by (1 — ) > 0, and again by (iv) of remark 1.1, 3 n; € N with for
(1-7) (1-7)
56 5y

every ¢ € F such that 0 < ¢, n,_1 < c and 7, < cVn>n;. And

1-9),
da
cV n > ny and also 3 ng € N with for every ¢ € F such

for u, — k, 3 ny € N with for every ¢ € F such that § < ¢, n(u,_1,k) <
(1—7)
5

and n(u,11, k) <
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(1—7)
97
we therefore can select ny € N with

that 0 < ¢, N1 <K cV n>n;.

n(un, Rk) < ¢ Vn > ny. (7)
Again by pentagonal property,

n(Rk, k) = n(Rk, un) + 17U, Ung1) + 1(Uns1, Unga) + 7(Unya, k)
= n(Rka un) + M+ M1 + U(Un+27 k)

By (7), (4) and by u, — k and also by (iii) of remark 1.1 implies that n(Rk, k) = 6,
i.e., Rk = k. Hence, k is a fixed point of R.

Now suppose that the set of fixed points B (say) of R is well ordered. Now to prove
uniqueness of fixed point, assume [ € B be another fixed point of R, i.e., Rl = I.
Since B well ordered, for example assume that £ C [. From (i) we have,

n(k,1) n(Rk, Rl)

n(k,l) =2 an(k,l) + Bn(k, Rk) +yn(l, RI)
= an(k, 1)+ Bn(k, k) +yn(l,1)
= an(k,l)

Since 0 < o < 1, So from above inequality and (iv) of remark of 1.1 we get k = [,
this proves the uniqueness of R. In the opposite way, if R has a unique fixed point,
then B is a singleton set and hence B is well-ordered.

Remark 3.1. In an ordered cone pentagonal metric space above result is a gener-
alization and extension of Abba Auwalu [2] and Garg et. al. [7] (on putting a = 0,
B = and f = v = 0 respectively) in aspect of contractive conditions which we
have used here.

For validity of our main result, we construct an example below here.
Example 3.1. Let X = {1,2,3,4,5}, E = C§[0,1], || u(t) ||=|| u(t) ||oo + |
U (t) |loo and the cone P = {u(t) : u(t) > OVt € [0,1]}. Consider a mapping
n: X xX — FE by

n(1,3) =n(3,1) =n(2,3) =n(3,2) =n(1,4) = n(4,1) =n(3,4) =n(4,3) =
n(2,4) =n(4,2) =¢
n(1,2) =n(2,1) = 4e
7](17 5) = 7](57 1) = 7](27 5) = 7](?7 2) ): Ué&f ) = 7](57 3) = 7](47 5) - 7](574) = 3¢’
n(u,v) =0 ifu=v
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It is clear that (X, 7n) is a complete non-normal cone pentagonal metric space.
Consider self mapping R : X — X with 7 C 7 (partial order) on X as given below:

R1=2,R2=1,R3=3R4A=5R5=14

and C= {(1,1),(2,2),(3,3),(4,4), (5,5),(1,3),(2,5), (1,5)}.

By definition of C, it is clear that R is ordered Reich type contraction in (X, C,n)
Withoz:ﬁ:%,fy:;ll.

Now we have to check this only for (u,v) = (1,3),(2,5), (1,5)

Let if (u,v) = (1,5), then
n(R1,R5) =n(2,4) = ¢!
and
an(2,5) + n(2, R2) + yn(5, R5) = a3e' + B4e' + ~3et

which holds for a« = 8 = 2,4 = 1. In similar manner, (3) holds for (u,v) =
{(1,3),(2,5)} with the same value of «a, 5,7. Rest of the settings of theorem 3.1
are satisfied and 3 is the unique fixed point of R.
Here it is notice that, R is not a Reich type contraction in cone pentagonal metric
space which is non-ordered, Let us assume that if u = 2,0 = 1 n(R2, R1) = n(1,2) =
4et and an(2,1)+0n(2, R2)+n(1, R1) = ade' + fde' +~det = 4et(a++7) = 3.28
fora=p= %, v = }l,this implies that (3) is not satisfies here.

Below is an example which proves that fixed point may not be unique in above
obtained results if the given set of fixed point is not in B.
Example 3.2. Let X = {1,2,3,4,5}, E =R? P = {(u,v) : u,v > 0} is a normal

cone in F/, and n: X x X — E be a mapping such that

n(4,1) =n(3,4) =n(4,3) =
)
8

n(lv 5) = 77<57 1) = 77<27 5) =

Then (X, d) is a complete cone pentagonal metric space.
Consider self mapping R : X — X with C X such that

u, ifue{l,4};

1, ifu=2;
Rfu) = 5, ifu=3;

3, ifu=25;
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and C= {(1,1),(2,2),(3,3), (4,4), (5,5), (2,5), (1,5)}.
Now it is clear that n(Ru, Rv) < an(u,v) V u,v € X with u C v for o € [3,1).
Hence R is an ordered Banach contraction on X. Remaining settings of theorem
3.1 are satisfied if we replace the first condition by ordered Banach contraction and
with the exception of the set of fixed points of self-map is well ordered. Thus 1 and
4 € X are the two fixed points. Notice (1,4), (4,1) ¢C. Rather if u = 1,0 = 4, we
can find no a with 0 < a < 1 and n(Ru, Rv) < an(u,v), Hence, R is not a Banach
contraction on X.
4. Acknowledgement:

The authors present their obligation to the referees for their great work.
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