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Abstract: We prove some tripled fixed point theorems on Cone Metric Space.
Our results generalise the fixed point results due to Erdal Karapinar [E. Karapinar,
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1. Introduction

Bhaskar and Lakshmikanthan [3] proved the existence of a new fixed point
theorem for a mixed monotone mapping in a metric space with the help of partial
order, using a weak contractivity type of assumption. They named this new type
of fixed point as coupled fixed point. Since then this new concept is extended
and used in various directions. This concept is extended to tripled fixed point by
Berinde and Borcut [2]. They obtained the existence and uniqueness theorems for
contractive mappings in partially ordered complete metric spaces. This concept is
extended to quadrupled fixed point by Karapinar [9].

The concept of cone metric space introduced by Huang and Zang [7] in 2007
as generalizations of metric space. They generalized metric space by replacing the
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set of real numbers with an ordering Banach space. Thus, cone naturally induces
a partial order in Banach spaces. In recent years many authors established various
triple fixed point theorems in cone metric space ([1], [15], [6]) and references there
in. More results on coupled ,tripled and quadrupled results can be refereed to ([14],
17), [4), [5], [13], [16], [10], [11], [12)).

Throughout the manuscript, we assume that X # ¢ and X? = X x X x X.
Let E be a real Banach Space. A subset P of E is called a cone if

1. P is closed, non-empty and P # 0
2. a,beR,a,b>0and z,y € P imply ar + by € P
3. PN (—=P)=0.

Given a cone P C E we define the partial ordering < with respect to P by x <y
if and only if y — 2z € P. We write © < y to denote that z < y but x # y, while
r << y will stand for y — = € int.P(interior of P).

There are two kinds of cone. They are normal cone and non-normal cones. A
cone P C F is normal if there is a number K > 0 such that for all =,y € P,
0<z<y=|z|<K|yl. Inother words if z, <y, < z, and lim, 2, =
limy,_oozp, = x imply lim, oy, = x. Also, a cone P C F is regular if every
increasing sequence which is bounded above is convergent.

In this manuscript, we prove triple fixed point theorems on cone metric space
without using normality or regularity of cone.

2. Preliminaries
Definition 2.1. [7] Let X be a nonempty set. Suppose the mappingd : X x X — E
satisfies the following conditions:

1. 0 <d(x,y) for all z,y € X and d(z,y) =0 iff t = y.
2. d(z,y) = d(y,x) for all z,y € X.
3. d(z,y) < d(x,z)+d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.2. [7] Let (X,d) be a cone metric space(CMS), x € X and {x,}n>1
a sequence in X. Then,

1. {xp}n>1 converges to x whenever for every ¢ € E with 0 << c there is a
natural number N such that d(z,,z) << ¢ for alln > N. It is denoted by
liMy—s00Xn, = T OT Ty, — X.
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2. {zxn}n>1 s a Cauchy Sequence whenever for every ¢ € E with 0 << ¢ there
is a natural number N such that d(x,, x.,) << ¢ for all n,m > N

3. (X, d) is a complete cone metric space if every Cauchy sequence is convergent.

Definition 2.3. Let (X,d) be a cone metric space(CMS), P be a normal cone
with normal constant K and {x,} be a sequence in X. Then, the sequence {x,}
converges to x if and only if d(zp,x) — 0 or || d(z,,z) || = 0 as n — oo.

Definition 2.4. [8] Let (X,d) be a complete cone metric space and Let F : X x
X x X — X. The mapping F is said to has the mized monotone property if for
any z,y,z € X such that

1,09 € X, 21 <29 = F(x1,y,2) < F
Y1, Y2 € X, S yo = F(x,y1,2) > Fx, 42, 2)
21,20 € X, 21 < 29 = F(z,y,21) < F

Definition 2.5. [8] Let F': X® — X. An element (z,y,z) is called a tripled fized
point of F if F(w,y,2) = &, F(y,,y) = y and F(z,y,7) = 2.

Definition 2.6. [8] Let (X, d) be a complete cone metric space and Let F : X3 —
X. The mapping F is said to have the mized monotone property if F(x,y,z) is

monotone non-decreasing in x,z and is monotone non-increasing in y, that is, for
any z,y,z € X

X1, T2 GX,Qfl SxZ :>F(£E1,y,2) S F(.Tz,y,Z)
Yy, Y2 € X, < yo = F(x,y1,2) > F(z,92, 2)
<F

21,20 € X, 21 < 20 = F(2,y,21) (x,y, z2).

3. Main Results
Theorem 3.1. Let (X,d) be a complete cone metric space. Let F: X3 — X be a

continuous mapping having the mized monotone property on X. Assume that there
exists k € [0,1) with

d(F(z,y,2), F(u,v,w)) < =[d(z,u) + d(y,v) + d(z,w)]

w7

forallu <z,y <wv,z<w.

If there exist xq,yo, 20 € X such that xo < F(xo, Y0, 20), F (Yo, o, Yo) < yo and
20 < F(20,Y0,20) , there exist x,y,z € X such that v = F(x,y,2),y = F(y,x,y)
and z = F(z,y,x).
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Proof. Set x; = F(x0,90,20), y1 = F(yo,20,v0) and 2z = F(29, Yo, %0), To <
1,51 < yo and 29 < 2 and
zy = F(21,y1, 21)
= F(F(z0, Y0, 20), (Y0, Zo, Yo), F' (20, Yo, o))
= FQ(*IO?yO?ZO)
y2 = F(z1,y1,21) = F*(y0, 20, Yo)
20 = F(21,y1,21) = F*(20, Yo, 20)-

For n =1,2,... the general form of the sequence are as follows:

Tp4+1 = Fn+1(xm Yn, Zn) = Fn+l<x07 Yo, ZO)
Yn+1 = Fn+1(yo,$0;y0)
Zny1 = F" (20,90, T0).
Now,
xo <21 < Fzy,y1,21) = F2 (20, Y0, 20) < 22 < -+ < F" (20, 90, 20)

F" Yo, z0,40) < -+ < F2(y0, %0, %0) = F(y1, w1, 11) = y2 < y1 = F (Yo, o, y0) < Yo
20 < F(20,10,70) = 21 < F(21, 91, 21)
= F2(20,90,70) < 29 < -+ < F" (20, yo, 7o)

oo < F(20,Y0, 20), F(Yo, 2o, Yo) < yo and 2o < F(20, Yo, To).
Then

d(F2(51707 Yo, 2’0)7 F(ﬂfoa Yo, Zo))
= d(F(F(zo,Y0,20), F (Y0, %0, Y0), F (20, Y0, %0)), F (0, Yo, 20))

k
< g[d(F(%, Yo, 20), o) + d(F (Yo, o, Y0), Yo) + d(F (20, Yo, To)), 20)]-
Similarly, we can prove that

d<F2(y07 X, y0)7 F(y07 Zo, yO))

< [d(F(yoJo, yo), yo) + d(F(Zmyo’ 3?0), Zo) + d(F(l"myo, 20), IBO)]-

W

and

d(FZ(ZO, Yo, xO)a F(Zo, Yo, $0))

< g[d(F(ZO,yo, o), 20) + d(F (o, Zo, o), Yo) + d(F' (20, Yo, 20), 20))]-
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Hence by induction, we can prove the following:

d(FnH(xmyOa 20), F"" (w0, Yo, 20))
En
S ?[d<F(1’07 Yo, ZO)? xﬂ) + d<F(y0> X, y0)’ yD) + d(F<ZD> Yo, ZUO)), ZO)]

d<Fn+1(y0a Xo, ?JO); Fn(yo: Zo, yO))

k,TL
< ?[d(F(y()a To,Y0), To) + d(F (20, Yo, o), Yo) + d(F (z0, Yo, 20)), Zo)]-
d(FnH(ZO,y07$0)7Fn(Zo7yo,$o))

kTL

< E[d(F(Zo, Yo, o), 20) + A(F (Yo, %o, Yo), Yo) + d(F (20, Yo, o)), Zo)].
Therefore,
F™(20, Y0, 20) < F" (0, y0, 20)
Fn+1(y0a Yo, yO) S Fn(y07 Yo, ?/0)
F™(20, Y0, o) < F" (20, v0, 70).
Again,

d(Fn+2($0,yo,Zo)>Fn“(%,yo,Zo))
= d(F(F"" (0,90, 20), F" " (%0, %0, Y0)
FnH(Zo,yo,xo))aF(Fn(l“o,yo,Zo)
F™(yo, 0, Yo), " (20, Yo, 20)))

< RHE w00, 70), P 0,0, 20)

+  d(F" " (yo, 0, %0), F™ (Yo, Zo, Yo))

+ d(F"(20, 50, 0)), F" (20, 40, 20)))]

< B a0 0).m0)) + A (70,0, )
+ ( (20,90, 70)), 20))]

Analogously, we get

d(F™""(yo, 2o, Y0), F" (v0, %0, Yo))
knJrl

<
-3

[d(F (40, %o, Y0), Yo) + d(F (20, Yo, %0), 20) + d(F (20, Yo, 20)), Z0))]

223
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d(F™ (20, Yo, zo), F" " (20, Yo, 70))

kn; [d(F (20, Yo, o), 20) + d(F (Yo, T, Yo), Yo) + d(F' (20, Yo, 20)), T0))]

We shall prove that { F" (o, Y0, 20) }» {E"™ (Yo, To, Yo) } and {F" (20, Yo, o) } are Cauchy
sequences in X. Suppose that m > n. Let 0 << ¢ be given. Choose § > 0 such
that ¢ + Bs(0) C P where Bs(0) = y € E:|| y ||[< é. Now, choose a natural no.
such that

<

kn

m[d(%, Yo, 20), Zo) + d(Yo, To, Yo), Yo + d(20, Yo, To), 20] € Bs(0).

for all n > Ny. Then

%[dw(fco,%’ 20), o)) + d(F (Yo, Zo, Y0), o)) + d(F' (20, Yo, To), 20))] << c.
Thus
d(Fm(x()a Yo, ZO)’ Fn<m0a Yo, ZO))
< d(F™(x0, Y0, 20), F (0, Y0, 20))
+ A" (o, y0, 20), F™ (20, Yo, 20)))-
= : +Z’; S [d(F' (20, Yo, 20)), T0)) + d(F' (Yo, Zo, Yo), Yo)
+  d(F (20, Yo, T0), 20)]-
< BOERE R P (o, o, 20)), 0)) + dOF (3o, 505 ) 00)
+ d(F (Zo,yoJo% ).
= %[ (F(0,y0,20)): %0)) + d(F (Yo, Zo: o), Yo)
+  d(F(20, Y0, T0), 20)]-
< g A e 20).0)) + P (oo 0. 30) o)
+  d(F(20, Y0, T0), 20)]-

for all m > n > Ny. Thus {F"(xo, 30, 20)} is Cauchy sequence in X.

Similarly, we can prove that {F"™(yo,zo,%0)}, {F" (20, Yo, z0)} are Cauchy Se-
quences in X. Since X is complete cone metric space, therefore there exist z,y, 2z €
X such that 2" = F"™(x0,90,20) — =,y" = F"(yo,%0,%) — Yo and z" = F"
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(20, Yo, To) — z as n — oo. Again, We shall prove that F(z,y,2) =z, F(y,z,y) =y
and F(z,y,z) = z. Let 0 << ¢. Choose a natural number N, such that

d(2py1, ) = d(F" (20,90, 20), ) << %
for all n > N;. Since F' is continuous, there exists Ny such that for all n > Ny,
one has (2, Yn, 2n) — (7,y, z) implies that d(F(z,, Yn, 2,), F (2,9, 2)) << § for all
n > N,. By triangle inequality

d(F(z,y,2),x) < d

(F(z,y
= d(F(x7y7Z)7F * (xo,ymzo)) +d(Fn+l(iUo7y0,ZO)aﬂ?)
= d(F(mayaz)aF(Fn(x()ayOaZO))Fn(y(]?anZO)aFn(any07x0>
+ d(F”“(:po,yO,zo),x).

Hence, choose Ny = max.Ny, Ny, for all n > Nj.

d(F(xvya Z),l') d(F(xaya 2)7F(Fn(lbay07ZO)7Fn(yOVIOay0)7Fn(ZO7y07$O)))

<
+  d(F" (20, yo, 20), ) << c.

Thus, d(F(z,y,2),z) << {foralll > 1. Hence, {—d(F(z,y,2),z) € Pforalll > 1.

¢ — 0 as [ — oo. Therefore, —d(F(x,y,z),r) € P. Also, d(F(z,y,2),z) € P
implies that d(F(z,y,z),x) = 0. . F(z,y,z) = . We can show that F(y,x,y) =
y, F(z,y,x) = z.

Theorem 3.2. Let (X,d) be a complete cone metric space. Let F: X3 — X
be a mapping having the fixed monotone property on X. Assume that X has the
following properties

1. if a non-decreasing sequences {x,} — x,{z,} — z, then z, < x,z, < z for
all n.

2. if a non-decreasing sequences {y,} — vy, then y <y, for all n.

Assume that there exists a k € [0,1) with

d(F(z,y,2), F(u,v,w)) <

w7

[d(z,u) + d(y,v) + d(z,w)]

forallu<z,y<v,z<w.
If there exist xq,yo, 20 € X such that xo < F(xo, Y0, 20), F (Yo, o, Yo) < yo and
20 < F(z0,%0,%0) ,there exist x,y,z € X such that x = F(x,y,2),y = F(y,x,y)
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and z = F(z,y, ).
Proof. Let 0 << ¢. Since x, = F"(x0,%,20) — ,Yn = F"(yo,%0,%) — ¥y
and z, = F"(29,%0,%0) — 2, there exists Ny such that d(F"(xg, Yo, 20), T <<
d(F™(yo, 0, 0),y << 3 and d(F(20, Yo, 0), 2 << 5 for all m,n,l > No.

Also, We have

<
3

F™(z0,v0,20) = p < x
Y < Yn = F"(y0, To, Yo)
F™(20, Y0, x0) = 25 < 2.

Now,

d(F(z,y,2),2) < d(F(z,y,2),2n11) + d(Tn41,7)

d(F(z,y,2), Fnﬂ(l"o,yo,zo)) +d(Fn+1($o,yo,Zo)793)
(F(z,y,2), F(F" (20, Y0, 20), £ (Y0, T0, 20), F" (20, Yo, To)
(F™(z0, 90, 20), )

[d(x, F" (20, Yo, 20)) + d(y, £ (Yo, Zo, Yo)

d(z, F™(20, Yo, %0))] + d(F" (20, Yo, 20)
L I
3'3 3 3 3

for all n > N. This gives F(x,y,z) = x. Similarly, we can get the other two,
y=F(y.zy),z=F(zyx)

Theorem 3.3. Let F': X3 — X be a continuous mapping having the fixred mono-
tone property on X. Assume that there ezists a k € [0,1) with

QU

IN -+ IN +

d(F(x,y,2), F(u,v,w)) < g[d(as, u) + d(y,v) + d(z,w)]

forallu<z,y<wv,z<w.

Suppose that each triplet elements of X has an upper bound or lower bound in
X. Thenzx =y = z.
Proof. We know that there exists (z,y, z) € X x X x X such that F"™(xo, yo, 20) —
x, F™(yo, xo,y0) — y and F"(zo, Yo, o) — 2.

Let (u,v,w) € X x X x X be another triple fixed point of F. We consider two
cases.
Case(i): Suppose that (z,y,z) and (u,v,w) are comparable with respect to X?3.
Then for each n =0,1,2,... the triplet

(F"(z,y,2), F"(y,2,y), F"(2,y,7)) = (2,y, 2)
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is comparable to
(F"™(u,v,w), F*(v,u,v), F™"(w,v,u)) = (u, v, w)
Now,

d(x,u) +d(y,v) +d(z,w)

d(F"(z,y, 2), F"(u, v,w)) + d(F"(y, z,y), F" (v, u, v))
d(F"(z,y,x), F"(w,v,u))

EMd(x,u) + d(y,v) + d(z,w)]

= k"p((x,y, Z)>(uvvaw))

(2,9, 2), (u, v, w))

IN +

Il
=

= p((z,y, 2), (u, v, w))

Hence, z = u,y =v,2 = w
Case(ii): Suppose that (z,y,2), (u,v,w) are not comparable with respect to X?3.
Then there exists an upper bound or lower bound (p,q,r) € X3 of (z,y,z) and
(u,v,w). Thus, foreachn = 0,1,2,... the triplet (F™(p,q,r), F"(q,p,q), F"(r,q,p))
= (x,y, z) is comparable with (F"(x,y, z), F™"(y,x,y), F"(z,y,x)) and (F"(u, v, w),
F*(v,u,v), F"(w,v,u)) = (u, v, w).

Now,

p((x,y, 2), (u,0,w)) < p((F"(x,y, 2), F*"(y, 2,y), F"(2,y, 7)

F™"(u,v,w), F"(v,u,v), F*(w,v,u)) = (u,v,w)))).

p((F™(2,y, 2), F" (y, @, y), F"(2,y, 2)),

(F"(p,q,7), F"(a,p,q), F"(r,q, p))

+ p(F*(p,q.7), F*(q,p.q), F"(r,q,p)),
(F"™(u,v,w), F*(v,u,v), F"(w,v,u)) = (u,v,w)))

< k"(d(x,p) +d(y,q) + d(z,7)

+ d(p,u)+d(q,v) +d(r,w) — 0.

IN

as nn — oo. .. p((a:7y, Z); (u,v,w)) = 0.
Hence, x = u,y = v,z = w.
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