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Abstract: The aim of the present investigation is to create some summation the-
orems like Gauss, Bailey, and Kummer in the form of k- hypergeometric function.
Further, we develop a new class of Kummer’s differential equation of k-parameter
and Kummer’s transformations formulae in terms k- confluent hypergeometric func-
tion.
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1. Introduction and Preliminaries
Recently, the extension of the special functions has been painstaking by numer-

ous authors. The generalization of the gamma and beta functions presented by
number of researchers (See [2, 3, 5, 8]) in the form of a new parameter k, where
k > 0, called k-gamma and k-beta functions respectively.
The k -Pochhammer symbol and k -Gamma function demarcated as

Γk
(
x
)

= lim
n→∞

n!kn(nk)
x
k
−1

xn,k
, k > 0, x ∈ C\kZ−, (1)
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where (x)n,k is the k-pochhammer symbol and given by

(x)n,k = x(x+ k)...(x+ (n− 1)k =
Γk(x+ nk)

Γk(x)
, x ∈ C, k ∈ R, n ∈ N+.

we use following relation of k-Gamma Function
Γk(x+ k) = xΓk(x),Γk(k) = 1 and Γk(x)Γk(k − x) = π

Sin(πx/k)

The connection between k-gamma and k- beta functions is assumed by

Bk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
, Re(x), Re(y) > 0. (2)

Mubeen et al. [7] demarcated the k-hypergeometric function and k-confluent hy-
pergeometric function which are as follows:

2F1,k (a, b; c; z) =
∞∑
n=0

(a)n,k(b)n,k
(c)n,k

zn

n!
, k > 0, |z| > 0, c 6= 0,−1, .. (3)

and

1F1,k (a; b; z) =
∞∑
n=0

(a)n,k
(b)n,k

zn

n!
, k > 0, |z| > 0, b 6= 0,−1, .. (4)

Mubeen and Habibullah [6] also presented integral representation of k - hypergeo-
metric function and k-Gauss theorem such as

2F1,k (a, b; c; z) =
Γk(c)

kΓk(b)Γk(c− b)

∫ 1

0

t
b
k
−1(1− t)

c−b
k
−1(1− kzt)−

a
kdt (5)

and

1F1,k

(
a, b; c;

1

k

)
=

Γk(c) Γk(c− b− a)

Γk(c− a)Γk(c− b)
(6)

Numerous authors (see [1, 2, 4, 9]) offered the well-known summation theorems for
the series 2F1(−) such as of Gauss, Bailey and Kummer. This paper is divide into
two sections as follows.

2. Some summation theorem in terms of 1F1(−)
In this section we proving some known familiar summation theorem for k- Gauss

hypergeometric function and these results convert the original summation Theo-
rems, when k → 1.
Theorem 2.1. If R(a) > 0, R(b) > 0, k > 0, then

2F1,k

(
a, b;

(a+ b+ k)

2
;

1

2k

)
=

√
π

k

Γk
(a+b+k)

2

Γk
(a+k)

2
Γk

(b+k)
2

(7)
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Proof. Using the equation (5) in left side of equation (7), we have

2F1,k

[
a, b; c;

1

2k

]
=

2
a
kΓk(c)

kΓk(b)Γk(c− b)

∫ 1

0

t
b
k
−1(1− t)

c−b
k
−1(2− t)−

a
kdt (8)

After substituting u = 1− t in equation(8), we get

2F1,k

[
a, b; c;

1

2k

]
=

2
a
kΓk(c)

kΓk(b)Γk(c− b)

∫ 1

0

(1− u)
b
k
−1u

c−b
k
−1(1 + u)−

a
kdu (9)

Let ∫ 1

0

(1− u)
b
k
−1u

c−b
k
−1(1 + u)−

a
kdu = H,

in above equation (9) replacing u = Tan2( θ
2
), therefore du = Tan( θ

2
)Sec2( θ

2
)dθ and

Tan( θ
2
) = Sin(θ)

1+Cos(θ)
, So H becomes

H =

∫ π
2

0

(
2Cos(θ)

1 + Cos(θ)

) b
k
−1(

Sin(θ)

1 + Cos(θ)

) 2c−2b
k
−1(

2

1 + Cos(θ)

)−a
k

+1

dθ

=

∫ π
2

0

(
(Cos(θ))

b
k
−1(Sin( θ

2
)Cos( θ

2
))

(2c−2b)
k
−1

(Cos2( θ
2
))

(2c−b−a)
k

−1

)
dθ

=

∫ π
2

0

(Cos(θ))
b
k
−1(Sin(

θ

2
))

(2c−2b)
k
−1(Cos(

θ

2
))

(−2c+2a)
k

+1dθ

(10)

Again put c = (a+b+k)
2

in equation (10), we get

H =

∫ π
2

0

(Cos(θ))
b
k
−1(Sin(θ))

(a−b)
k dθ

Using k-Beta function property and k-Gamma function property in above equation,
we get

H = 2
(b−a)
k

Γ
(
a−b+k

2k

)
Γ
(
b
2k

)
2Γ
(
a+k
2k

) = 2
(b−a)
k
−1k

Γk
(
a−b+k

2

)
Γk
(
b
2

)
Γk
(
a+k
2

) (11)

Combining equations (11), (9) after putting the value c, we obtain

2F1,k

[
a, b;

(a+ b+ k)

2
;

1

2k

]
=

2
b
k
−1Γk

(
(a+b+k)

2

)
Γk
(
b
2

)
Γk(b)Γk

(
a+k
2

) (12)
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Using duplication formula Γk(2x) =
√

k
π
2

2x
k
−1Γk(x)Γk(x + k

2
) by substituting in

above equation (12) and simplify we obtain the desired result.
Theorem 2.2. If R( b

2
) > R(a) > 0, k > 0 then

2F1,k

[
a, b; k − a+ b;

−1

k

]
=

Γk(k − a+ b)Γk
(
b
2

+ k
)

Γk(b+ k) Γk
(
k−a+b

2

) (13)

Proof. Using the integral representation of k-Gauss Hypergeometric function by
putting c = k − a+ b and z = −1

k
in equation (5), we have

2F1,k

[
a, b; k − a+ b;

−1

k

]
=

Γk(k − a− b)
kΓk(b)Γk(k − a)

∫ 1

0

t
b
k
−1(1− t2)−

a
kdt, (14)

Put t2 = u , in the right hand side of equation (14), we get

2F1,k

[
a, b; k − a+ b;

−1

k

]
=

Γk(k − a− b)
kΓk(b)Γk(k − a)

∫ 1

0

u
b
2k
−1(1− u)−

a
kdu

=
Γk(k − a− b)
kΓk(b)Γk(k − a)

kBk

(
b

2
, k − a

)
,

Using k-Beta function property, we get desired result.
Theorem 2.3. If R( c

2
) > R(a

2
) > 0, k > 0 then

2F1,k

[
a, k − a; c;

1

2k

]
=

Γk
(
c+k
2

)
Γk
(
c
2

+ k
)

Γk
(
c+a
2

)
Γk
(
c−a+k

2

) (15)

Proof. Using equation (5) and put z = 1
2k

and b = k−a,then the resulting integral
can be evaluated (by putting in (1− t) = u, after using k -beta function, we have

2F1,k

[
a, k − a; c;

1

2k

]
= 2

a
k 2F1,k

[
a, c+ a− k; c;

−1

k

]
,

Applying equation (13) in right hand side of above given equation, we have

2F1,k

[
a, k − a; c;

1

2k

]
= 2

a
k

Γk(c) Γk
(
c+a+k

2

)
Γk(c+ a) Γk

(
c−a+k

2

) ,
Finally, using the duplication formulaΓk(2x) =

√
k
π
2

2x
k
−1Γk(x)Γk(x + k

2
), we get

desired result.
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3. Kummer’s Differential Equation in k–parameter and Transformations
In this section we prove k- Kummers differential equation and k-first transfor-

mation and k-second transformation. These results also convert original results as
k → 1 The differential equation of k-Gauss Hypergeometric function defined by S.
Mubeen [7] as

kz(1− kz)
d2u

dz2
+ (c− (a+ b+ k)kz)

du

dz
− abu = 0 (16)

by replacing z → z
b

in above equation and taking b→∞, where k > 0.

du

dz
= b

dw

dz
=⇒ d2u

dz2
= b2

d2w

dz2
,

then we get

kz
d2w

dz2
+ (c− kz)dw

dz
− aw = 0 (17)

This is the required differential equation for k -parameter. Mubeen et al. [6] defined
integral representation in k–parameter where R(c) > R(b) > 0 then for all finite z

1F1,k(b; c; z) =
Γ(c)

kΓ(b)Γ(c− b)

∫ 1

0

t
b
k
−1 (1− t)

c−b
k
−1 eztdt (18)

Theorem 3.1. If c is the neither zero nor a negative integer, then

1F1,k(b; c; z) = ez 1F1,k(c− b; c;−z) (19)

Proof. With the help of integral representation fork-Parameter, it follows that

1F1,k(b; c; z) =
Γk(c)

kΓk(b)Γk(c− b)

∫ 1

0

t
b
k
−1(1− t)

c−b
k
−1eztdt (20)

using property of definite integral, we get

1F1,k(b; c; z) = ez
Γk(c)

kΓk(b)Γk(c− b)

∫ 1

0

t
b
k
−1(1− t)

c−b
k
−1e−ztdt

1F1,k(b; c; z) = ez 1F1,k(c− b; c;−z)

Theorem 3.2. If 2a is not an odd integer less than zero then

e−z 1F1,k(a; 2a; z) = 0F1,k

(
−; a+

1

2
;
z2

4

)
(21)
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Proof. Using Kummer’s first transformation

1F1,k(a; 2a; z) = ez 1F1,k(a; 2a;−z)

If we multiply both side by e
−z
2 , we obtain

e
−z
2 1F1,k(a; 2a; z) = e

z
2 1F1,k(a; 2a;−z)

i.e. e
−z
2 1F1,k(a; 2a; z) is even function of z and therefore e−z 1F1,k(a; 2a; 2z) is an

even function of z (Replacing z by 2z)
Again we consider

e−z 1F1,k(a; 2a; 2z) =
∞∑
n=0

(−z)n

n!

∞∑
m=0

(a)n,k(2z)m

(2a)n,k km m!
(22)

=
∞∑
n=0

n∑
m=0

(a)n,k(−1)n−m zn 2m

(2a)n,k km (n−m)!m!

=
∞∑
n=0

n∑
m=0

(a)n,k(−n)m (−z)n 2m

(2a)n,k km n! m!

e−z 1F1,k(a; 2a; 2z) =
∞∑
n=0

2F1,k

(
−n; a; 2a;

2

k

)
(−z)n

n!

Since left hand side be an even function of z so right-hand side should be even
function of z so odd terms will be vanishes.

2F1,k(−2n− 1; a; 2a;
2

k
) = 0 (23)

then

e−z 1F1,k(a; 2a; 2z) =
∞∑
s=0

2F1,k(−2s; a; 2a;
2

k
)
z2s

2s!
(24)

Again the u =1 F1,k(a; c; z) is one solution of the Kummer’s differential equation

kz
d2u

dz2
+ (c− kz)du

dz
− au = 0 (25)

when c = 2a and z = 2z then

kz
d2u

dz2
+ 2(a− kz)

du

dz
− 2au = 0 (26)
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If we put u = ezw then du
dz

= ez dw
dz

+ ezw

d2u

dz2
=

d

dz

(
du

dz

)
= ez

d2w

dz2
+ 2ez

dw

dz
+ ezw (27)

using the value of u and du
dz

and equation (27 ) in equation (26 ), we have

kz

(
ez
d2w

dz2
+ 2ez

dw

dz
+ ezw

)
+ 2(a− kz)

(
ez
dw

dz
+ ezw

)
− 2aezw = 0

After some simplification, we obtain

kz
d2w

dz2
+ 2a

dw

dz
− kzw = 0 (28)

u = 1F1,k(a; c; z) solution of (25) then u = ezw is also solution of (28 ) or w =

e−zu = e−z 1F1,k(a; 2a; 2z) is also satisfy the equation (28) , if we put kdz = t−
1
2dt

then dw
dz

= dw
dt

dt
dz

= t
1
2k dw

dt
and d2w

dz2
= k2

(
1
2
dw
dt

+ td
2w
dt2

)
in equation (28), we get

2t
1
2k2
(

1

2

dw

dt
+ t

d2w

dt2

)
+ 2at

1
2k
dw

dt
− 2t

1
2w = 0

After simplifying it, we get

tk2
(
d2w

dt2

)
+ k

(
a+

k

2

)
dw

dt
− w = 0 (29)

this is differential equation of 0F1,k(−; a; t),So the solution of above equation is

∴ w = A0F1,k(−; a+
k

2
; t) +Bt1−(a+ k

2 )
0F1,k

(
−; 2−

(
a+

k

2

)
; t

)

∴ w = A0F1,k(−; a+
k

2
;
z2

4
) +B

(
z2

4

)1−(a+ k
2 )

0F1,k

(
−; 2−

(
a+

k

2

)
;
z2

4

)
(30)

Where a+ k
2

is not a positive integer and 2a is not an odd integer, where A and B
are constants. When z = 0 =⇒ A = 1 then

w = e−z 1F1,k(a; 2a; 2z) = 0F1,k

(
−; a+ k

2
; z

2

4

)
+B

(
z2

4

)1−(a+ k
2 )
×

× 0F1,k

(
−; 2−

(
a+ k

2

)
; z

2

4

)
(31)
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The left hand member and first term of (31) are analytic at but second term is not
analytic at z = 0 so B = 0

w = e−z 1F1,k(a; 2a; 2z) = 0F1,k

(
−; a+

k

2
;
z2

4

)
(32)
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