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1. Introduction

Let X denote an arbitrary vector space and T be a linear operator on X. Let
D(T), N(T') and R(T) denote domain, kernel and range of T respectively. Let N
denote the set of natural numbers. Let [P, (1 < p < 0o) be the Banach space of all
p-summable sequences of complex numbers under the standard p-norm on it and
let u be a complex-valued function with domain N. For f € [” define

(uCy)(f)(n) = u(n)f(p(n)), for each n € N.

If (uCy)(f) € IP whenever f € [ then uCjy is a linear transformation on [* and is
called a weighted composition operator on [P. When u is identically equal to one
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we get the composition operator Cy. In this paper S(u) denotes the support of u.
Weighted composition operators appear naturally in the study weighted shift op-
erators due to Shield [24]. These operators have been subject matter of study by
authors such as Kumar [14], Singh [12], Whitley [28] and others ([3], [11], [13]).

Definition 1.1. If there is some integer n > 0 such that dim (N(T™)/N(T™))
18 finite, the smallest such integer is called the essential ascent of T and is denoted
by ao(T). If no such integer exists then a.(T) = oo; see [20].

Definition 1.2. If there is some integer n > 0 such that dim (R(T™)/R(T™)) is
finite, the smallest such integer is called the essential descent of T and is denoted
by d.(T). If no such integer exists then d.(T) = oo; see [20].

2. Essential Ascent and Essential Descent of Weighted Composition
Operators On [P spaces

In this section we prove results about essential ascent and essential descent of
weighted composition operators on [P spaces where 1 < p < oo.

Theorem 2.1. a.(uCy) = oo if and only if there exist a sequence {Ey};-, of
subsets of N such that each Ey is infinite, Ej, C ¢*1(N_1) and ¢*(Ny) (N Ex = ¢
for each k € N, where Ny, = {n € S(u) : ¢'(n) € S(u);Vi,1 <i<k—1}.

Proof. Suppose that a.(uCy) = co. Let By = {m:m € ¢" 1(Ny_1) — ¢"(Ni)}.
By construction of Ej, it is clear that By C ¢* 1(N,_;) and ¢*(Ny) () Ex = ¢ for
each k € N. We claim that FE} is infinite set. Let Ex be finite for some K. We
make the following claims :

Claim-1 : If n € EK, this implies that n € gbK*l(NK_l) and n ¢ ¢f (Ng).
Therefore (QSK’l) Yn) N Ng_1 # ¢ but (¢%)"1(n) N Nx = ¢. There exists an

i € (%171 (n) such that u(i)u(ep(i))...... u(pf=2(i )) #£ 0 but
u(j)u(p(d)) .- u(¢"~1(j)) = 0 for each j € (¢")~'(n).

Thus (uCy)"™ (xn) = (¢>IZ):—1( )U(j)u(¢(j)) ------ u(¢™~1(j))x; = 0 and
(uCe)* ) = 2 u(@u(d()...... u(¢p"2(i))xi # 0.

i€(@K 1) 1(n)
Therefore x, ¢ N((uCy)*~1) but x,, € N((uCy)¥).

Claim-11 : Let n € ¢® (Ny). This implies that n = ¢ (m) for some m € Ng.
Since N N (¢™)~1(n) # ¢, hence
(WCe)*(xn) = > u(@u((i))...... u(@®H(i)xi # 0.

i€(¢) 1 (n)
Therefore x, ¢ N((uCy)%).

Claim-II1 : suppose n ¢ ¢ "1 (Ng_1). Then for each i € Ni_ satisfying ¢ ~1(i) =
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n and u(i)u(o(i)). .. ... u(@®72(1)) = 0.

Therefore (uCy)*(x,) = > u(@)u(o(i)) ... ... uw(¢®2(i))x; = 0. So
i€(@R 1)1 (n)

Xn € N((uCy)%~1). Now we show that N((uCy)*)/N((uCy)~~1) is spanned by

{xn+ N((uCy)57Y) :n € Ex}.

Let f =g+ N((uCy)"™1), where g € N((uCy)¥).

Let g = > anxn. Now we can expressed g as follows :

g = Z QA Xm + Z apXp-
mEEK pE(N—(¢K(NK)UEK))
Clearly > apX, belongs to N((uCy)K1).

pE(N—(¢pX (Nk)UEK))
Then f =g+ N((uCy)* ") = > amxm + N((uCy)* 1)

meF g

= Z CYm(Xm + N(<UC¢)K71))'

meEBx
This implies that {x, + N((uCy)* ™) : n € Ex} spans N((uCy)%)/N((uCy)571).
Therefore dim N ((uCy)%)/N((uCy)X1) < Ex < oo. Thus a.(uCy) < (K —1).
This is a contradiction. Hence E, is infinite set.

Conversely, assume that there exist a sequence {Ej},-, of subsets of N such that
each Ej is infinite, E), C ¢*"1(Ny_1) and ¢¥(N,) N Ey, = ¢ for each k € N, where
By = {m:m e ¢* 1 (Ny_1) — ¢"(Ny) }.

Now we claim that {x, + N((uCy)*™") : n € Ej} are linearly independent sequence
of N((uCy)*)/N((uCy)*~1). Tt is sufficient if we prove that every finite subset
{xn + N((uCy)¥1) : n € E}} are linearly independent in N ((uCy)*) /N ((uCy)*).

Let B1(xn, + N((uCs)* 1) + .o 4 Bilxn, + N((uCy)* 1) = N((uCy)*1).
This implies that B1Xn, + ...+ + Bixn, € N((uCy)*1).
Therefore (uCy)* 1 (Bixn, + ...+ + BiXn,) = 0. Thus

Bi > u(du(g(d))u(¢h” 2( ))xi = 0 for each j, 1 < j <.
i€(@P 1)~ (ny)
Hence (uCy)*(xn,) = 0 and (uCy)* ' (xy,) # 0 for each j, 1 < j < L.
Since i € Ni_1 N (¢F71)71(n;) # ¢ for 1 < j <. This implies that
| WE): ( )U(i) u((i))u(d"~*(i))x; # 0 for each j, 1 < j < 1.
i€(pF—1)~(ny
Hence 8; = 0 for each j, 1 < j <. Thus {x, + N((uCs)*"!) : n € E}} are linearly
independent sequence of N((uCy)¥)/N((uC4)*1). Since each E, is infinite set.
Therefore dim (N ((uCy)*)/N((uCs)*1)) = oo for each k > 1.
Hence a.(uCy) = oo.

Remark 2.1. The following example shows that for each n € N there exist a
weighted composition operator uCy on P such that a.(uCy) =n — 1.
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Example 2.1. Let n be any fixed natural number and ¢ be a self-map on N defined
as :

b(m) = {m, if n/(m—1)

m-1, otherwise.
and

_ [1\>®

u_{z}n:1

Then a.(uCy) =n —1 and d.(uCy) =n — 1.

Theorem 2.2. d.(uCy) = oo if and only if for each k > 0; ¢=1(n) > 1 for infinitely
many n € ¢F(Ny),where Ny = {n € S(u) : ¢'(n) € S(u);Vi,1 <i>k—1}.
Proof. If possible, suppose A = {n € ¢%(Ny) : 97 1(n) > 1)} is finite for some

natural number K. We claim that dim (R((uCy)¥)/R((uCs)k+1)) < A < co. Let
f € R((uCy)X). Then f = (uCy)%(g), for some g € IP?. Let g = a,Xn. Then

I~

(6" 71 (n)) agr (nyXn

WCy)(g) = > umu(g(n))......

ne ($%)=1(Ny)

= > ul)u(@m) (@ ) X
n'e (%)L (Vi)
and ¢—1(n')>1

+ > umulen). ... u(@* ("))t oy X
n"e (65) 1)
and ¢—1(n")=1

1.e.

(uCys)X(g) = h1 + ha(say) (1)

We claim that hy € R((uCy)5*1). Let g = 3 Buxn, where

8, = 0, when n ¢ K+ (Nyy1) or ¢ (n) > 1
" lag-r/ul6X(n), when n € ¢K+(Npy) and ¢=1(n) = 1.
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Then, clearly ¢' € I?. Now

(uCy) K+ (g = Z u(n)u(p(n))...... w(d (1)) By t1(m) Xn
n€ (K= (Npiq)
and ¢—1(n)=1
+ > uln)u(d(n))...... w(B" (1)) By 1 (m) X

ng (51" (Niq1)
or ¢—1(n)>1

— Z u(n)u(p(n))...... w(6" (1)) Byt (n)Xn

ne (%) (Nit1)

and ¢~1(n)=1

Now put n” = ¢~1(n), then n” € $*(N;) and by our assumption we get ¢p—1(n) =

1< ¢~1(n") = 1. Therefore

1"

WC) )= Y ulnuem")...... w(@ (")) gue iy X = o
n" € ¢K(Ny)
and ¢—1(n")=1

(2)
Thus hy € R((uCy)5*1).
Combining equation (1) and (2), we get dim (R((uCy)*)/R((uCy)K*1)) is finite.
Thus d.(uCy) < K.
Conversely, assume that ¢=1(n) > 1 for infinitely many n € ¢*(Np). Let {n,,}-_, €
®*(Ny) such that ¢=1(n,,) > 1 for each m > 1. Let {a,,, Bn, } S &L (nm).
Define a sequence {f,,} -_, as follows :
1, if ¢* 1 (n)=ay,
fm(n) =4 -1 if stil(n) - Bnm

0, otherwise.

Clearly {f,,} °_, € I’ and also define a sequence {h,,} -_, as follows :

L/u(n)u(p(n))...... u(¢F2(n)), ifn=a,,
hp(n) = < =1/u(n)u(p(n))...... u(¢*2(n)), ifn =P,
0, otherwise.

Clearly {h,,}>>_, € I?. We claim that {f,.} -, € R((uCy)*1) and {f,.}_, ¢
R((uCy)*). Now
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L i ¢ (n) = an,
(uCy)* ) (n) = ¢ =1, if ¢* " (n) = B,
0, otherwise.

This implies that (uCy)*~*(hy) = fin. Therefore {fn )}, € R((uCy)*1). We
claim that { f, }o-_; & R((uCy)*). If possible, assume that { fu, }re _; € R((uCy)"),
for some mqy > 1. This implies that f,,, = (uCy4)*(hy), for some hg € IP. Let n&
and n{? be such that gbk*l(ng,ll)) =, and gzﬁk*l(ng)) = Bn,., where ¢(a,, ) =
?(Bn,.) = M. A simple computation shows that {f,,}>_, ¢ R((uCy)*). Thus
sequence {fm/R((uC¢)k)}::1 are linearly independent in R((uCy) 1)/ R((uCjy)*).
Therefore dim (R((uCy)*1)/R((uCy)*)) is not finite. Since k > 1 is arbitrary it
follows that d.(uCy) = 0o

Remark 2.2. From Ezample (2.1) it follows that for each n € N there ezist a
weighted composition operator uCy on P such that d.(uCy) =n — 1.

3. Example

Note that a linear operator T belongs to exactly one of the following cases:
a.(T) = d.(T) = finite.

a.(T) = oo but d.(T) is finite.

d.(T) = 0o but a.(T) is finite.

. ae(T) = 00 and d.(T) = 0.

We give examples of weighted composition operators, exactly one for each of the
above type, as follows:

B 0 =

Example 3.1. Let ¢ be a self-map on N defined as:

S(n) = {n, if n is odd

n-1, if nis even .
and
U= {%}nZI
Then a.(uCy) =1 and d.(uC}) = 1.
Example 3.2. Let ¢ be the self-map on N defined as :

o(py) = py,, for all k € N.

Where {py. : k € N} denote the enumeration of primes.
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and ¢(n) =n when n € (N - U Ek)

keN
where Ey = {p} : n > 1} for each k € N.

also
u= {3t
Then a.(uCy) = oo and d.(uCy) = 0.
Example 3.3. Let ¢ be the self-map on N defined as:

¢(n) =n+2, if n is odd
and
d(2n —2) = ¢(2n) = n, if n is even.

also

{1, if n is odd
u(n) =

-1, if n is even.

Then a.(uCy) = 0 and d.(uCy) = .

Example 3.4. Let P = J {p} : n € N} where p; denote the k-th prime and
keN

N—P={q:k>1}=1{1,6,10,12,...... }. Clearly N — P is an infinite subset of

N and ¢ be the self-map on N defined as :

o(p) = pjyq for all k € N.
¢(Q1) = ¢(Q2) =q1

and

&(qor—1) = ¢(qar) = qox—2 for each k > 2.

also
U= {%}::1

Then it is easy to show that a.(uCy) = oo and d.(uCy) = oo.
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