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Abstract: Let G be a simple graph with vertex set V' and edge set E. An equitable
dominating set D of V(@) is called an outer connected equitable dominating set
of Gif <V — D > is connected. A study of outer connected equitable dominating
sets in a graph is initiated.
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1. Introduction

Graph theoretical terminologies not given here can be founded in [2, 3, 9].
Let G = (V, E) be a simple graph. The neighbourhood of a vertex v, denoted
by N(v), is the set of all vertices adjacent to v in G. If v is a vertex of G then
the integer deg(v) = |N(v)| is said to be the degree of v in G. The minimum
and maximum degree among all vertices of G are denoted by §(G) and A(G),
respectively. A vertex of degree one in a graph is called a pendent vertex or an end
vertex. A support is the unique neighbour of an end-vertex.

A set D C V(G) is a dominating set in G if for every vertex v € V(G) — D,
there exists a vertex u € D such that wv € E(G).The domination number of a
graph G, denoted v(G), is the cardinality of a minimum dominating set of G.
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The concept of equitability was originally conceived in proper colouring of ver-
tices where the cardinalities of any two colour classes differ by at most one [10].
E. Sampathkumar initiated the concept of degree equitability in the vertex set of
a graph. Two vertices are said to be degree equitable if their degrees differ by at
most one. A subset D of V(G) is called an equitable dominating set of G if for
any v in V — D, there exists v in D such that v and v are adjacent and degree
equitable [1, 4, 5].

Two nice papers by Joanna Cyman on Outer connected domination and dou-
bly connected domination [6], [7] motivated us to define outer-connected equitable
domination in graphs. An equitable dominating set D is said to be outer connected
if <V — D > is connected. V(G) is obviously an outer connected equitable dom-
inating set. The minimum(maximum) cardinality of an outer connected equitable
dominating set of G is called the outer connected equitable domination number (up-
per outer connected equitable domination number) of G and is denoted by ¥¢(G)
(T¢(G)). A study of this new parameter and its relation with other parameters is
initiated in this paper.

2. Basic Results

Definition 2.1. Let G be a simple graph with vertex set V and edge set E. A subset
D of V(G) is called an outer connected equitable dominating set of G if D is an
equitable dominating set with the subgraph induced by its complement is connected.
The minimum (maximum) cardinality of a minimal outer connected equitable dom-
inating set of G is called the outer connected equitable domination number of G

and is denoted by 75(G) (T(G)).

c

Observation 2.1. Let K,,, P,,C,, and W,, denote the complete graph, path, cycle
and wheel of order n. Let K1 ., Kpn, Knyny,. n,. denote the star, bi-partite graph
and multipartite graphs.

i) 7¢(K,) =1 for all n > 1.

i) Fe(Ky,) =n+ 1.

i) 5¢(Kom ) 2 if |m —n| <1
iii ) =
Te ’ m +n otherwise

n—1 ifn=23
n—2 ifn>4

iV) ;VJE(PH) = :V/c(Pn) = {

v) 75(Cy) = 7.(C) =n — 2 for n > 3.
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vi) ¢(W,) =n—2forn>6

k
vil) Yo (Kpyngoomy) = 2t + Z |S;|, where t is the minimum number of equi-
j=1
table partitions of ng,ng,---,n, and S; are singleton partitions containing
Ny, Ny, * ++ , Ny, Vertices.
8 + 10 + 12 = 34, since there are two equitable partitions namely {2,3} and
{5,6,6} and three singleton sets {8}, {10}, {12}.

viii) Kp(ay, a9, ,a,) is the graph obtained from K,, by adding a; pendents,
as pendents, --- ,a,, pendents at vertices uy,us,--- ,u,, of K, respectively.
Then,

Ye(Kim(ay,ag, -+ ,a,)) =a; +as + -+ ay, +t+ 1 where t is the number of
equitable isolates among the vertices of K, in K,,(ai,as, -, ap)

ix) 7¢(P) = 7.(P) = 4, where P is the Petersen graph.

Theorem 2.1. If G1,Gs,--- , Gy are the components of G and D; is a minimum
outer connected equitable dominating set of G;,1 < i < k, then 75(G) = |V(G)| —
max{|V(G,)| —72(Gi) : 1 < i < k}

Proof follows on the same lines as in Theorem 1 of [6].
Remark 2.1. If G is an equitable graph, then 7¢(G) = 7.(G)
3. Bounds

Remark 3.1. For any graph G of order n, 1 <~¢(G) <n

Observation 3.1. Let the order of G be n. Then, ¥5(G) = 1 if and only if either
G =K, or G = H+ Ky where H is a connected bi-reqular graph of order n — 1
with bi reqularity (n — 3,n — 2) or a reqular graph with reqularity n — 3.

For, suppose 7¢(G) = 1. Then, there exists a vertex u in G such that u equitably
dominates all the vertices in V(G) — {u} and V(G) — {u} is connected. That is,
any vertex of G other than u is of degree n —3 or n — 2 in < V(G) — {u} >. If
every vertex of < V(G) —{u} > is of degree n — 2, then G = K,,. Otherwise, there
exists a vertex of degree n — 3. If every vertex of < V(G) — {u} > is of degree
n — 3, then < V(G) — {u} > is regular of regularity n — 3. Otherwise, any vertex
of < (V(G) — {u} > is of degree n — 3 or n — 2. That is, G = (< V(G) — {u} >
)+ {u} = H+ Ky, where H =< V(G) — {u} > and K; = {u} with H being
connected and bi-regular with bi regularity (n —3,n —2). The converse is obvious.
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Example 3.1. The fan graph P; + K, Cy + K3, (K, —e) + K; and K,,.

Observation 3.2. Y¢(G) = n if and only if every vertex of G is an equitable isolate
of G.

For, suppose 75(G) = n. If a vertex of u of G is not an equitable isolate of G,
then there exists v in V(G) such that u and v are adjacent and degree equitable.
Hence V(G) — {u} is an outer connected equitable dominating set of G. Therefore,
¥¢(G) < n — 1, a contradiction. Hence, every vertex of G is an equitable isolate.
The converse is obvious.

Example 3.2. K, K, n >3, K,,(a1,a2, - ,a,) where aj,ay, - -+ ,a,, form an
arithmetic progression with first term a; > 1 and common difference 2.

Observation 3.3. Y5(G) < n — k if and only if there exists a connected subgraph
H of G of order k such that every vertex of H is equitably adjacent with some vertex
of V(G) = V(H)

Observation 3.4. 7¢(G) = n— 1 if and only if G contains an induced subgraph H
with YS(H) = n — 1 (that is, every vertex of H is an equitable isolate of H) and a
vertex u not in V(H) which is equitably adjacent with a vertex of H or the vertices
i H which have equitable neighbour in H are independent and also independent of
u except possibly the equitable adjacent verter of u in H.

Proof. Suppose 7¢(G) = n — 1. Let D be a A¢ - set of G. Then |D| = n — 1.
Therefore, there exists uin V(G) — D and u is equitably dominated by D. Further,
if ¥¢(< D >) is less than n — 1, then there exists a vertex v in D which is equitably
dominated by D —{v}. If u and v are adjacent, then D — {v} is an outer connected
equitable dominating set of G and so, 75(G) < n — 2, a contradiction. Therefore,
those vertices in D which have equitable neighbour in < D > are independent and
also not adjacent with u except possibly the vertex in H which is equitably adjacent
with u. If ¥5(< D >) = n — 1, then every vertex of < D > is an equitable isolate.
The converse is obvious.

Example 3.3. tK; U sK; US where S is a set of equitable isolates, t > 1, s > 0,
|S| > 0, P;, D, where |[r —s| < 1. Also, when G = 3K,, with vertices u; to
ug where u; is adjacent with wus, usg is adjacent with wuy, us is adjacent with wg,
D =V (G) — {u,} is an outer connected, equitable dominating set of G and us, u;

are not equitable isolates of < D > but they are independent and also independent
of u;. Note that 7¢(< D >) =4<5=6—1.

When G =2K; UK, UK, 3,7(G) =8 =|V(G)| — 1. %.(G) is also 8.
When G is a star Ky, 7$(G) =n+ 1 and 7.(G) = n.

Let G = P30 K, with vertices uq, us, us, v1, v9, v3 Where uy, us, us are the vertices of
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P3 and v; are the pendents adjacent with u;, 1 < i < 3. The equitable domination
number of G is 3, the domination number of G is 3, the outer connected domination
number of G is 3 and the outer connected equitable domination number of G is 4.
Let H = P30 K;. Attach one more pendent vertex at the middle vertex of P3. Join
the pendent vertex at one end of P53 with one of the pendent vertices of the middle
vertex of P3. Let G be the resulting graph. The equitable domination number
of G is 4 and the outer connected equitable domination number of G is 5. The
domination number of G is 3 and the outer connected domination number of G is
4.

Sampathkumar and Walikar [11] have proved that ﬁ < 7(G) <2m(G)—
n(G). In Theorem 2 [6], it has been proved that % < 7(G) <2m(G) —
n(G) + 1.

Theorem 3.1. If G is a connected graph with at least one pair of equitable ad-

jacent vertices, with order of G namely n(G) > 2, then m < A4(G) <

2m(G) —n(G) + 1.

Proof. Since, 7.(G) < 7¢(G) and since _nG) < 7:(G), we have _nG) <
’ - (A(G) + 1) ’ (A(G)+1) —

¥¢(G). Since G is connected and n(G) > 2, m(G) > n(G) — 1. Since, G has a pair
of equitable adjacent vertices, 75(G) < n(G) —1<2m(G) —n(G) + 1.
The bounds are sharp as seen from the following remarks.

Remark 3.2. Let S be the family of graphs G which contain an outer connected
equitable dominating set D such that pne[v, D] = A.(G) + 1.

For example, in K,, n > 3, D = {u} for any u in V(K,) is an outer con-
nected equitable dominating set of K,. N.[u] = V(K,) and N.[D — {u}] = .
lpnefu, D]| = |Ne[u] — N.[D —{u}]| =n—0=mn. Also, A(K,) = n— 1. Therefore,

lpne[u, D]| = A.(G) + 1. In such graphs,

(2

n
————— = 7%(). Another example
is K, — e. For instance, in Cy with a diagonal, n = 4, A, (G) +1 =3+ 1 = 4,
n(Q) -

— = 1=75G).

Remark 3.3. Let D, be the double star with centres u, v and r pendants
attached to uw and s pendants attached at v. Let r = s > 3. Then, m =
number of edges = 2r + 1. n =number of vertices= 2r + 2. ¥¢(D,,) = 2r + 1.
2m—n+1=4r+2—-2r —2+1 = 2r + 1. Hence, in D,, the upper bound is
realized.
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(m(G) +1)
2
and since Y5(G) > 7.(G)

Theorem 3.2. If G is a graph, then ¥¢(G) > n(G) —
(m(G) +1)

o2~

Proof. By Theorem 3 of [6], 7.(G) > n(G) —

the result follows.

1
Remark 3.4. Let G = P,. 75(G) = 2,n(G) =4, m(G) = 3. n(G)—% =
2. Therefore, 7¢(G) = n(G) — w Thus the upper bound is realized.

Remark 3.5. In a graph G with 6.(G) > 2 there is a cycle of length at least
d¢(G) 4+ 1 whose vertices are degree equitable in G.

Proof. Let (vg,vy,- -+ ,vx) be a longest equitable path in G. (that is, the degrees
of vg,vy, -+ ,v, in G are equitable). Then, N.(vy) is a subset of {vy, -+, vg}.
Therefore, there exists v; € Ne(vg) N {vy, -+, v} for some t > deg.(vy) > .(G).
Consequently, (vg, vy, -+ ,v4,v9) is a required cycle whose vertices are degree equi-
table in G.

Theorem 3.3. If G is a connected graph of order n without degree equitable iso-
late, then 75(G) < n — 0.(G).

Proof. Suppose 6.(G) < 2. Since G has no degree equitable isolate, 6.(G) > 1. If
de(G) = 1, then G has an equitable edge and hence 7¢(G) < n —1 =n — §.(G).
Suppose 6.(G) = 2. Then there exists a cycle of length at least three whose vertices
are degree equitable in G. Therefore, 7¢(G) < n — 2 =n — 6.(G). Let 6.(G) > 3.
Then, by the remark stated above, there exists a cycle of length at least 6.(G)+1 in
G whose vertices are degree equitable in G. Let C' = (vg, v1,- - , v, vg) be a shortest
cycle in G of length at least J.(G) whose vertices are degree equitable in G. Let
D =V (G)-V(C). Clearly, D is outer connected. Suppose D is not degree equitable
dominating. Then there exists uin V(C) such that N.(u)ND = ¢. Let without loss
of generality, u = vy. Let degg(vg) = k. Then N.(vg) = {v1, viy, iy, * - - ,vi(kﬁ),vt},
where 1 < iy < iy < -+ < i—2) < t. Hence, (vo,vi,vi41, -, 0, 0) is a cycle
of length at least 0.(G) whose vertices are degree equitable in G which is shorter
than C, a contradiction. Therefore, D is an outer connected equitable dominating

set of G and 75(G) < |D]| =n — 6.(G).

Theorem 3.4. If T is a tree of order n > 3, then Y5(T) > A.(T). Equality holds
when T'= Py or Py or Py (A(Py) =2 and V5(Py) = 2).

Proof. Let T be a tree of order n > 3. Since T has at least A(T") end vertices and
since any end vertex belongs to every outer connected equitable dominating set of

T, 34(G) = A(T) > A(T).
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Remark 3.6. When T is a star of order n > 4, 35(T) = n+ 1 > A(T) and
A (T) =0. When T is a wounded spider of order n > 5, ¥5(T) > A.(T). When
n =4, and exactly one leg is subdivided, then T = Py and ¥5(T) = A(T).

Theorem 3.5. Let D be an outer connected equitable dominating set of G. Then
D is minimal if and only if for any u in D, one of the following holds.

i) wis an equitable isolate of < D >
it) there exists v in V. — D such that v is equitably adjacent with only u in D.
i) N(u)N(V —D) = .

Proof. Let D be a minimal outer connected equitable dominating set of G. Then
for any u in D, D — {u} is not an outer connected equitable dominating set of G.
Either D — {u} is not an equitable dominating set of G or an equitable dominating
set of G but not outer connected. In the former case, u satisfies (i) or (ii) and in
the latter case, u satisfies (iii). The converse is obvious.

Remark 3.7. Let G = P5 with verter set {vy,vq,v3,v4,v5} where vy and vy are
end vertices. D = {vy,v3,v4} is a minimal outer connected equitable dominating
set of G. vy and vy satisfy (1) as well as (ii) and vs satisfies (iii).

Proposition 3.1. Let G be a connected graph without equitable isolate. Let v €
V(G) be such that G — {v} is also connected. Then ¥5(G) < ¥5(G — {v}) + 1.
Proof. Let D be a 7¢ - set of G — {v}. Then D U {v} is an outer connected
dominating set of G. Suppose D U {v} is not an equitable dominating set of G.
Then there exists some vertex u in (V — {v}) — D which was equitably dominated
by some vertex say w of D which was not equitably dominated by D U {v}. That
is, |degg—qvy(u) — dego—qvy(w)] < 1 and |dege(u) — dege(w)| > 2. That is v is
adjacent with u and not with w. That is, u is an equitable isolate in G but not an
equitable isolate in G — {v}, a contradiction. Therefore, D U {v} is an equitable
dominating set of G. Therefore, 7¢(G) < |D U {v}| =7¢(G — {v}) + 1.

Remark 3.8. There is no relation between 7¢(G) and 75(G — {v}).

For, let G = P5. 75(G) = 3. Let v be a pendent vertex. 7¢(G — {v}) = 2. Hence,
76(G) > 72(G = {v}).

Let G be the subdivision of K;3. Let u be the centre of K3, vi,v2,v3 be the
pendents of K 3. Let uy,uq,us be the subdividing vertices of uvy, uve, uvs. Join
vy with uy and vy. Let H be the resulting graph. 7¢(H) = 3 (since {vy, us, v3} is a
minimum outer connected equitable dominating set of H). ¥¢(H — uy) = 3 (since
{vg,v3,u3} is a minimum outer connected equitable dominating set of H — wuy).
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Thus, 76(H) = 7e(H —w) = 3.
Let G = P+ K;. Let V(K;) = {u}. 7¢(G) = 1. 35(G — {u}) =75(P3) = 2. G has
no equitable isolate, G and G — {u} are connected. Thus, 7¢(G — {v}) > F¢(G).

Remark 3.9. The condition that G has no equitable isolates can not be dropped
from Proposition 3.1.
For example, let G = K;3. Let u be the central vertex and vy, ve,v3 be the
pendents. 7¢(G) = 4 but ¥5(G — v1) = 2 and hence 7¢(G) is not less than or equal
to ¥¢(G — {n1}) + L.

Observation 3.5. Given a positive integer k, there exists a connected graph G
such that ¥¢(G) — v(G) = k.

Proof. Let k be even. Let t = £2. Let n = 3t. Let G = P,. 7¢(G) = n—2 = 3t-2.
v(G) = t. Therefore, 7¢(G) —v(G) =3t —2 —t = 2t — 2 = k. Let k be odd. Let
t =" Letn=3t+2 7FYG) =n—2=3tand 7(G) =t + 1. Therefore,
Y(G)—~v(G)=3t—(t+1)=2t—1=k.

Observation 3.6. Given a positive integer k, there exists a connected graph G
such that 5(G) — 7.(G) = k.

The example given above serves the purpose since in B, 7.(G) = v(G).

Observation 3.7. Given a positive integer k, there exists a graph G such that
Ye(G) = 7e(G) = k.

For example, when k > 4, consider G = Ky, 7¢(G) = k+2, 7.(G) = 2. Therefore,
Y(G) = 7:(G) = k. When k =1, ¥5(Kn1) — Ye(Km1) = 1. Let k = 2. Consider,
P5 with vertices uy, us, u3. Attach three pendents each at each of the vertices of Ps.
Let G be the resulting graph. 75(G) = 11 and 7.(G) = 9. Hence, 75(G)—7.(G) = 2.
Let k = 3. Let G = Ws. 7¢(G) =4, 3.(G) = 1. Hence 7£(G) —7.(G) = 3.

4. Complexity of 7¢(G)

Proposition 4.1. The decision problem of outer connected equitable dominating
set is NP - complete even when restricted to bipartite graphs.

Proof. In Theorem 14 of [6], it is proved that the decision problem of outer
connected dominating set is NP - complete. Let G be a bipartite graph with
7.(G) = k. Add suitable number of pendent vertices at each vertex of G so that
the resulting graph (G is equitable bipartite with the degree of every vertex being
A(G) + 1. Let all the pendent vertices be joined so that the pendent vertices
induces a complete subgraph of G;. Let G5 be the resulting graph. Then 7¢(Gs) =
7.(G) + 1. Therefore, by Theorem 14 [6], outer connected equitable domination set
is NP - complete even when restricted to bipartite graphs.
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